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Abstract
An algorithm is preseried for determining a connectedcomponert of the zero level
setof afunction f : ! R"™ 2 where is aboundedsubsetof R". Two dierent

numerical methods are employed and an error estimate procedureis indicated. Some
examplesthat suggestpossibleapplications are preserned.

1 Problem Description

The problem of nding the zero level set of a function f : R" ! R™ (with m < n)
frequertly occursin practice. The casem = n 1 hasbeenextensiely studied numerically
(see[2] or [3]), while the study of other casess still in an incipient phase.

The presen report is concernedwith the casem = n 2. Thereare se\eral motivations
for studying this problem, suc asthe problemof nding the intersectionof hypersurfaces
in R* (which could be trajectories in time of ewlving three dimensional surfaces)or
generatinga parametricrepresetation of animplicitly de ned manifold. Another possible
motivation comesfrom the needto determine the surfaceenvelope of a swept volume,
which is de ned in the following way: assumethat we are given a surfacethat is moving
or deformingin time

S:D [0;T]! R®whereD 2 R? is bounded
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the surfaceenvelope is the boundary of the set
fx2 R®:9t 2 [0;T] with x 2 S(D;t)g:

Before describingthe problem, it should be mentioned that the limitations of a ten
day workshopare sud that seweral simplifying assumptionshad to be madeto ensurean
attainable goal. For this reason,we assumesolutions to other problemsthat would be
cortained in a fully realizedalgorithm, aswill be noted in the following. Theseproblems
are mathematically interesting and will surely be the subject of future researb.

In mathematical terms, our problem can be set as follows. Given a smaoth function
f: | R" ?(where isaboundedsubsetofR"), we wishto parametrically represen
the setfx 2 R" : f(x) = Og asthe imageof a function x : [0;1]*! R" (for simplicity,
we have chosenour parametric domainto be [O; 1]* here).

In addition to this, we needboundary conditions. Designing appropriate boundary
conditions could be accomplishedby an algorithm similar to the one descrited in [3]
for the codimension equalsone case. We will simply assumethat we are given proper
boundary conditions, i.e. the prescribed data lie on a connectedsubsetof the zerolevel
setof f and that a consisten solution exists.

Another di cult matter is uniqueness.Lack of uniquenessmay result from two dif-
ferert sources.One s the possibility of several manifoldsincluded in the zerolevel set of
f sharing the same(given) boundary. Sut casesare often met in practice, as suggested
by simple examplessud as

f:l 22F ! R;f(xy;2)= (X2+y?+ 2% 1)(2x*+y*+ 7> 1)

Wewill assumehat this is not the caseg(beingavoidableby choiceof appropriate boundary
conditions). This and the assumptionmadein the previous paragraphensureuniqueness
of the manifold solution.

Howeer, non-uniquenes®f x will automatically follow from the fact that generically
this manifold has an in nite number of parametrizations. To single out a unique one,
we needto imposeadditional conditions. Among marny possibilities, we consideredthe
following two:

1. isoparmstraversedwith constart velocity

kxk, = ci(v); kxk, = c(u): (1)

2. areaelemen dA is constart
kx, Xxyk=c:

For the purposeof our numerical study of the problem, we choseto work with the rst
set of conditions. Although the secondcaseis more natural geometrically our choiceis
easierto implemert and certainly mathematically sound.
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A direct consequencef (1) is
Xu Xu = (V)
X Xy = G(u):

Di erentiating the rst equationwith respect to u and the secondequation with respect
to v eliminatesthe unknown functions ¢; and ¢, and leavesus with

Xy Xww = O
Xy Xyw = 0O

The result is a completenonlinear partial di erential algebraicsystemof n equations
in n unknowns:

f(x) = 0
Xy Xeu = O (2
Xy X = 0

with the solution made unique by the prescribed boundary data
x(u;0) = xPo™(y)  8u 2 [0;1]

x(u;1) = x"P(u) 8u 2 [0;1]
x(0;v) = x'®(v) 8v 2 [0;1]
x(1:v) = x"9M(v) 8v 2 [0; 1]:

Two numerical approadies for obtaining the solution to this boundary value prob-
lem werefollowed. The rst used nite di erencesto approximate the partial di erential
equationsin (2). The secondusedthe nite elemem method to approximate the mani-
fold, with collocation enforcedat Gaussianpoints for the sake of faster corvergence(as
suggestedby [1]). In both cases,Newton's method was usedto nd a solution to the
resulting nonlinear systemof equations.

In the following sectionswe will consideronly the n = 3 case. The techniquesused,
howeer, work equally well in higher dimensions.

2 The Finite Dierence Approac h

This approad relieson appraximating the partial derivativesin (2) in the interior of [0; 1]?
by nite dierences.

We imposea uniform grid fu;;v;g, 1 = 0;::5; N1+ 1;) = 0;:::; N2+ 1 onthe unit square,
with Up; Un,+1; Vo and vy,+1 lying on the boundary. We make useof the certral di erence
sthemesfor both the rst and secondpartial derivatives:

X(Uier; Vi) X(Ui 15V))
2h,
X(Ui+1;Vy)  2X(uis vp) + x(Ui 15v)
hs

Xu(Ui; V)

Xuu (Ui} Vi)
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whereh; = 1=N; (with analogousequationsfor x, and X, ).
The partial di erential equationsin (2) then become

(X(Uis1;vg)  X(U 13V)) (X(Uiez; Vi) 2X(Ui; V) + X(Ui 13v)) = 0
(X(uisVvisr)  X(Uisv; 1)) (XQUisvisn)  2x(uis V) + x(uisy 1)) = 0
fori=0;u;N+ 1) =0:5M + 1.
From now on, we will write x;; for x(u;;v;). We introducethe di erence operators
Du(xij) = (Xisrg  Xi 15) (Xiwag g + Xi 1)
Dv(xij) = X+ Xij 1) (Xige1 25 + Xij 1):

and de ne the function F : RMN I R3MN py
0

)
D U(Xl;l)
DV(X]_;]_)

f (X1;2)

D u()(1;2)
DV(X1;2)

f (Xl;M )
D U(Xl;M )
DV(X]_;M )

f (x2;1)
D u()(2;1)
DV(X2;1)

e

wherethe domain of the function F is arrangedto provide a nicely banded Jacobian.

We use Newton's method to solwe the nonlinear equation F = 0. As known, this
procedureis sensitive to a good initial estimate x, for the vector x 2 RMN at the grid
points. In our examples,we usedthe x, outcomefrom Coons' patch, which is the surface
So obtained by interpolating the given boundary data:

f ()
D U(XN ‘M )
DV(XN ‘M )

So(u;v) = (1 w)xPMM(u) + vxP(u) + (1 u)x"# (V) + ux"M(v)
(1 uw@ v)xPrmE)  uvx©Pl) u(@  v)xP™@) (1 u)vxP(0):

Finally, we iterativ ely solve

Xne1 = Xn o [Jr(Xn)] 'F (Xn);
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where Jg is the Jacobianof F. This Jacobianis a 3aM N by 3M N banded matrix with

bandwidth of about 6N . Its structure is of the form
(0] T T T T

100

200

300

400

500

600

(0] 160 260 360 4(50 560 660
nz = 4545
It is of interest to note that the band width of J- is dependen only on h;. This may
allow a signi cant improvemen of resolution for someproblemswithout the addition of
commonly expected computational expense.

3 The Finite Element Approac h

The nite elemen approad attempts to compute the projection of the solution onto a
chosen nite dimensionalfunction space. We chosethis spaceto be the one spannedby
the tensor product of fourth order B-splinesbuilt on the setsof knots

f0;0;0; 0; Ug; Ug; Ug; Up; 2 Uny s Ung s 15 15 15 1g
and
f0;0;0; 0; Vi; Va; Vo, Vo 2255 U, W,y 15 15 15 1
whereall ui's and v;'s have the samemeaningasin the previoussection.
If y 2 R3@N1#4)2N2+4) denotesthe vector formed by all the coe cien ts of the solution
in this function space,we have that

. X M X M,
xX>(u;v) = SUR L (R PR Ci(u)Dj (v);
whereM; = 2N; + 4 and M, = 2N, + 4 are the dimensionsof the B-spline function spaces
in the u and v directions, respectively.
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We force the equationsin (2) to hold on the collocation points t, (1 p M; 2)
andv, (1 g M, 2) (which are the roots of the quadratic Legendrepolynomial,
appropriately translated and scaledin the [u;; ui+1] and [v;; vj+1] intervals) rather than
on the grid points, in the hope of achieving more rapid convergence.This technique has
proven successfuln the one dimensionalcase,as menioned in the rst section.

The functional equalitiesin (2), evaluated on thesepoints, yield the following setsof
nonlinear algebraicequationsin y:

X Mlx M2
F( - Yo o Citp)D; (V) = O 3)

i=1
81 p M; 281 q M, 2

X M1X sz M1X M 0
~ Ya oM Y@ omzem 1Ciltp) Ce) D (V) D (¥g) = O;

i=1  j=1 1=l m
81 p M; 281 q M, 2(4)
and
X Mlx sz |V|1X M2 0 00
s e e me YO DMeri ) Y0 pmzem 1Ci(tp)Ci(tp) D) Dy (V) = O

81 p M; 281 q M, 2 (5

where Y = (Yie1; Yis2 s Yiea) 2 R,
To these3(M: 2)(M, 2) equationswe add the equationswhich result from the
boundary conditions:

X M1X Mz left
SR £ ((REIVESY 1+sCi(0)D; (%) X&' '(¥) = O; (6)
80 g M, 181 s 3
X MlX Mz right
=1 j=1)/3((i DMo+j 1)+sCi(1)Dj (%) X9 (¥y) = O; )
80 g M, 1,81 s 3
% M1X Mz bottom
21 g Y3 DM+ 1)+ sCi(bp)Dj (0)  x2°"°™ (i) = O; (8)
81 p M; 281 s 3
X MlX Mz to
=1 j=1y3((i DMo+j 1)+sCi(tp)Dj (1) xJP(t) = O; 9)

81l p M, 281 s 3
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wherety = ¥ = Oand thy, 1 = ¥, 2 = 0. This is now a closedsystem of 3M;M,
equationswith as many variables.

As in the previoussection,we attempt to solwe this systemwith the help of Newton's
iterative method. For this, we rst needto computethe derivativesof the left hand sides
with respectto y.

Di erentiation of the left hand side of (3), (4), (5), (6), (7), (8) and (9) with respect
to Y3 1nm,+j 1)+t respectively yields

Mlx M2
1=1 m:1Y3((I HM+m 1)Ci(tp) Dm(¥))

for 1 p My 21 q M, 2

X
Ci (ttp) Dj (o) e (

X mX 0 0
=1 Y31 1Mo+ m 1)+t(Ci0(U'p)C| ?U'p) + C|0(up)Ci ?U'p)) D; (¥g)Dm (%)

for 1 p My 21 g M, 2

X M. X M,

=1 m=

lYC%((I DMa+m 1)+tCi (Up)cl(up)(DjO(V'q)D%O(Vq) + D%(Vq)DjO?Vq))
for 1 p My 21 q M, 2

sGOD;(%) for 0 g M, Ll s 3
sGD;(%) for 0 g M, Ll s 3

sCi(tp)Dj(0) for 1 p M; 251 s 3

and
sCi(tp)Dj(1) for 1 p My 251 s 3

4 Error Estimation

An appropriate criteria for error estimation is the computation of distancesfrom the
points on the numerically obtained surfaceto the zerolevel setof f . This canbe achieved
by rst calculating the distancefunction : ! R to the zerolevel setof f. We do so
by usingthe resultsin [4].

Considerthe partial di erential equation

¢ = sign(f)( kr K);
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where sign(f ) givesthe sign of f. Solving the above equation to steady state provides
a function with the property that kr k = 1, sinceconvergenceoccurswhen the right
hand sideis zero. The sign function cortrols the ow of information in the above;if is
negative, information owsoneway andif is positive, then information o ws the other
way. The net e ect is to straighten out the level setson either side of the zerolevel set
and producea function with kr k= 1 correspnding to the signeddistance function.
We measurethe error of our appraximation surfacex(U;v) as
Z

J (u;v))jjd (x; u; v)jdudv
[0;1]?

whereJ (x; u; V) is the Jacobianof x with respectto u;v. Geometrically the error measure
the L! distant betweenthe exact surfaceand the appraximation.
We madeuseof this simplemethod for error estimationin all of the following examples.
5 Examples
We started with a simple example,for testing purposes.Consider
f:R®1 R; f(xy;2)=x?+y> 1,

alongwith the following boundary data:

x=0y=1z=v for v 2 [0;1]
x=1Ly=0z=v forv 2 [0; 1]
X = cos(éu);y: sin(Eu);zz 0 for u 2 [0; 1]

X = cos(éu);y: sin(Eu);z =1 foru 2 [0; 1]:
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The surfacesolution to this problem is a quarter cylinder of radius one, betweenthe
planesz = 0 and z = 1. By using code built on either the nite di erence shemeor the
nite elemen idea, we wereableto nd out appraximations of the following parametriza-

tion of this surface:
X = cos(zu);y = sin(zu);z =v foru2[0;1];v 2 [0;1];

pictured in the gure above.
We next attempted calculating more di cult exampleslike:

f:R1 R; f(xy;2)=1 2 5x(1 x)y(1 y)z(1 2):

In just a fewiterations, our code calculatedthe parametrization pictured in the gure
below. In the initial running, we found damping was neededin the rst few Newton
iterations, in order for the solution to corverge.
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f = 1-2x 2-50x(1-X)y(1-y)z(1-2)

1 o5

Finally, we presen a practical application, that of computing the surfaceenvelope E
of a swept surface,which is de ned asthe boundary of the set

fx 2 R3: 9t 2 [0; T] with x 2 S(t)g;

where S(t) is our time ewlving surface. A characterization for all the points situated on
E is that the velocity S; should be perpendicular to the normal at the surface. Thus, if
the surfaceS(t) is given parametrically by u and v, the appropriate condition is

(S S) S=0:

This canbeinterpreted asthe zerolevel set of a real function de ned on the (u; v;t) space
and computed using either one of our codes.

Pictured below is the represetation in the (u;v;t) spaceof a surfaceenvelope for a
certain S(t) descriked by its spline coe cients. Using the results of our code, we were
able to build up a three dimensionalmovie (seeattached envelog.wrl le), a snapshotof
which is shavn on the last page.
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