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Abstract

An algorithm is presented for determining a connectedcomponent of the zero level
set of a function f : 
 ! Rn� 2, where 
 is a bounded subsetof Rn . Two di�eren t
numerical methodsareemployed and an error estimateprocedureis indicated. Some
examplesthat suggestpossibleapplications are presented.

1 Problem Description

The problem of �nding the zero level set of a function f : Rn ! Rm (with m < n)
frequently occursin practice. The casem = n� 1 hasbeenextensively studiednumerically
(see[2] or [3]), while the study of other casesis still in an incipient phase.

The present report is concernedwith the casem = n� 2. Thereareseveral motivations
for studying this problem, such asthe problem of �nding the intersectionof hypersurfaces
in R4 (which could be tra jectories in time of evolving three dimensional surfaces)or
generatinga parametric representation of an implicitly de�ned manifold. Another possible
motivation comesfrom the need to determine the surfaceenvelope of a swept volume,
which is de�ned in the following way: assumethat we are given a surfacethat is moving
or deforming in time

S : D � [0; T] ! R3 whereD 2 R2 is bounded;

� This work was donewhile the authors were participating in the Mathematical Modelling in Industry
Workshop for Graduate Students at the Institute of Mathematics and its Applications at the University
of Minnesota

yThe Boeing Company (thomas.a.grandine@b oeing.com )
zCalifornia Institute of Technology (santa@ama.caltec h.edu )
xUniversity of Pittsburgh (wallop@pitt.edu )
{ Rutgers University (ingalls@math.rutgers.edu )
k TexasA&M University (qlegia@math.tam u.edu )

�� University of Delaware (miao@udel.edu )
yyUniversity of California, Los Angeles(ytsai@math.ucla.edu )

1



The Bivariate Contouring Problem 2

the surfaceenvelope is the boundary of the set

f x 2 R3 : 9t 2 [0; T] with x 2 S(D; t)g:

Before describing the problem, it should be mentioned that the limitations of a ten
day workshopare such that several simplifying assumptionshad to be madeto ensurean
attainable goal. For this reason,we assumesolutions to other problems that would be
contained in a fully realizedalgorithm, aswill be noted in the following. Theseproblems
are mathematically interesting and will surely be the subject of future research.

In mathematical terms, our problem can be set as follows. Given a smooth function
f : 
 ! Rn� 2 (where 
 is a boundedsubsetof Rn ), we wish to parametrically represent
the set f x 2 Rn : f (x) = 0g as the imageof a function x : [0; 1]2 ! Rn (for simplicity,
we have chosenour parametric domain to be [0; 1]2 here).

In addition to this, we needboundary conditions. Designingappropriate boundary
conditions could be accomplishedby an algorithm similar to the one described in [3]
for the codimension equalsone case. We will simply assumethat we are given proper
boundary conditions, i.e. the prescribed data lie on a connectedsubsetof the zero level
set of f and that a consistent solution exists.

Another di�cult matter is uniqueness.Lack of uniquenessmay result from two dif-
ferent sources.One is the possibility of several manifolds included in the zero level set of
f sharing the same(given) boundary. Such casesare often met in practice, as suggested
by simple examplessuch as

f : [� 2; 2]3 ! R; f (x; y; z) = (x2 + y2 + z2 � 1)(2x2 + y2 + z2 � 1):

Wewill assumethat this is not the case(beingavoidableby choiceof appropriateboundary
conditions). This and the assumptionmadein the previousparagraphensureuniqueness
of the manifold solution.

However, non-uniquenessof x will automatically follow from the fact that generically
this manifold has an in�nite number of parametrizations. To single out a unique one,
we needto imposeadditional conditions. Among many possibilities, we consideredthe
following two:

1. isoparmstraversedwith constant velocity

kxku = c1(v); kxkv = c2(u): (1)

2. areaelement dA is constant
kxu � xvk = c:

For the purposeof our numerical study of the problem, we choseto work with the �rst
set of conditions. Although the secondcaseis more natural geometrically, our choice is
easierto implement and certainly mathematically sound.
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A direct consequenceof (1) is

xu � xu = c2
1(v)

xv � xv = c2
2(u):

Di�eren tiating the �rst equation with respect to u and the secondequation with respect
to v eliminates the unknown functions c1 and c2 and leavesus with

xu � xuu = 0

xv � xvv = 0:

The result is a completenonlinear partial di�erential algebraicsystemof n equations
in n unknowns:

f (x) = 0

xu � xuu = 0 (2)

xv � xvv = 0;

with the solution madeunique by the prescribed boundary data

x(u; 0) = xbottom (u) 8u 2 [0; 1]

x(u; 1) = xtop(u) 8u 2 [0; 1]

x(0; v) = x lef t (v) 8v 2 [0; 1]

x(1; v) = xr ight (v) 8v 2 [0; 1]:

Two numerical approaches for obtaining the solution to this boundary value prob-
lem were followed. The �rst used�nite di�erences to approximate the partial di�erential
equationsin (2). The secondusedthe �nite element method to approximate the mani-
fold, with collocation enforcedat Gaussianpoints for the sake of faster convergence(as
suggestedby [1]). In both cases,Newton's method was used to �nd a solution to the
resulting nonlinear systemof equations.

In the following sectionswe will consideronly the n = 3 case. The techniquesused,
however, work equally well in higher dimensions.

2 The Finite Di�erence Approac h

This approach relieson approximating the partial derivativesin (2) in the interior of [0; 1]2

by �nite di�erences.
We imposea uniform grid f ui ; vj g, i = 0; :::; N1+ 1; j = 0; :::; N2+ 1 on the unit square,

with u0; uN1+1 ; v0 and vN2+1 lying on the boundary. We make useof the central di�erence
schemesfor both the �rst and secondpartial derivatives:

xu(ui ; vj ) =
x(ui +1 ; vj ) � x(ui � 1; vj )

2h1

xuu (ui ; vj ) =
x(ui +1 ; vj ) � 2x(ui ; vj ) + x(ui � 1; vj )

h2
1
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whereh1 = 1=N1 (with analogousequationsfor xv and xvv).
The partial di�erential equationsin (2) then become

(x(ui +1 ; vj ) � x(ui � 1; vj )) � (x(ui +1 ; vj ) � 2x(ui ; vj ) + x(ui � 1; vj )) = 0

(x(ui ; vj +1 ) � x(ui ; vj � 1)) � (x(ui ; vj +1 ) � 2x(ui ; vj ) + x(ui ; vj � 1)) = 0

for i = 0; :::; N + 1; j = 0; :::; M + 1.
From now on, we will write x i;j for x(ui ; vj ). We introducethe di�erence operators

Du(x i;j ) = (x i +1 ;j � x i � 1;j ) � (x i +1 ;j � 2x i;j + x i � 1;j )

Dv(x i;j ) = (x i;j +1 � x i;j � 1) � (x i;j +1 � 2x i;j + x i;j � 1):

and de�ne the function F : R3M N ! R3M N by

F
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wherethe domain of the function F is arrangedto provide a nicely bandedJacobian.
We use Newton's method to solve the nonlinear equation F = 0. As known, this

procedureis sensitive to a good initial estimate x0 for the vector x 2 R3M N at the grid
points. In our examples,we usedthe x0 outcomefrom Coons' patch, which is the surface
S0 obtained by interpolating the given boundary data:

S0(u; v) = (1 � v)xbottom (u) + vxtop(u) + (1 � u)x lef t (v) + uxr ight (v)

� (1 � u)(1 � v)xbottom (0) � uvxtop(1) � u(1 � v)xbottom (1) � (1 � u)vx top(0):

Finally, we iterativ ely solve

xn+1 = xn � [JF (xn )]� 1F (xn );
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where JF is the Jacobianof F . This Jacobian is a 3M N by 3M N bandedmatrix with
bandwidth of about 6N . Its structure is of the form
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600

nz = 4545

It is of interest to note that the band width of JF is dependent only on h1. This may
allow a signi�cant improvement of resolution for someproblemswithout the addition of
commonly expectedcomputational expense.

3 The Finite Elemen t Approac h

The �nite element approach attempts to compute the projection of the solution onto a
chosen�nite dimensionalfunction space.We chosethis spaceto be the one spannedby
the tensor product of fourth order B-splinesbuilt on the setsof knots

f 0; 0; 0; 0; u1; u1; u2; u2; :::; uN1 ; uN1 ; 1; 1; 1; 1g

and
f 0; 0; 0; 0; v1; v1; v2; v2; :::; vN2 ; vN2 ; 1; 1; 1; 1g;

whereall ui 's and vi 's have the samemeaningas in the previoussection.
If y 2 R3(2N 1+4)(2 N 2 +4) denotesthe vector formed by all the coe�cien ts of the solution

in this function space,we have that

xs(u; v) =
X M 1

i =1

X M 2

j =1
y3(( i � 1)M 1 + j � 1)+ s Ci (u)D j (v);

whereM 1 = 2N1 + 4 and M 2 = 2N2 + 4 are the dimensionsof the B-spline function spaces
in the u and v directions, respectively.



The Bivariate Contouring Problem 6

We force the equationsin (2) to hold on the collocation points ~up (1 � p � M 1 � 2)
and ~vq (1 � q � M 2 � 2) (which are the roots of the quadratic Legendrepolynomial,
appropriately translated and scaledin the [ui ; ui +1 ] and [vj ; vj +1 ] intervals) rather than
on the grid points, in the hope of achieving more rapid convergence.This technique has
proven successfulin the onedimensionalcase,as mentioned in the �rst section.

The functional equalities in (2), evaluated on thesepoints, yield the following setsof
nonlinear algebraicequationsin y:

f (
X M 1

i =1

X M 2

j =1
Y3(( i � 1)M 2 + j � 1)Ci (~up)D j (~vq)) = 0; (3)

81 � p � M 1 � 2; 81 � q � M 2 � 2;

X M 1

i =1

X M 2

j =1

X M 1

l=1

X M 2

m=1
Y3(( i � 1)M 2+ j � 1) � Y3(( l � 1)M 2 + m� 1)C0

i (~up)C00
l (~up)D j (~vq)Dm (~vq) = 0;

81 � p � M 1 � 2; 81 � q � M 2 � 2 (4)

and
X M 1

i =1

X M 2

j =1

X M 1

l=1

X M 2

m=1
Y3(( i � 1)M 2+ j � 1) � Y3(l � 1)M 2 + m� 1)Ci (~up)Cl (~up)D 0

j (~vq)D 00
m (~vq) = 0;

81 � p � M 1 � 2; 81 � q � M 2 � 2; (5)

whereYk = (yk+1 ; yk+2 ; yk+3 ) 2 R3.
To these3(M 1 � 2)(M 2 � 2) equationswe add the equationswhich result from the

boundary conditions:

X M 1

i =1

X M 2

j =1
y3(( i � 1)M 2 + j � 1)+ sCi (0)D j (~vq) � x lef t

s (~vq) = 0; (6)

80 � q � M 2 � 1; 81 � s � 3;

X M 1

i =1

X M 2

j =1
y3(( i � 1)M 2+ j � 1)+ sCi (1)D j (~vq) � xr ight

s (~vq) = 0; (7)

80 � q � M 2 � 1; 81 � s � 3;

X M 1

i =1

X M 2

j =1
y3(( i � 1)M 2+ j � 1)+ sCi (~up)D j (0) � xbottom

s (~up) = 0; (8)

81 � p � M 1 � 2; 81 � s � 3;

X M 1

i =1

X M 2

j =1
y3(( i � 1)M 2 + j � 1)+ sCi (~up)D j (1) � xtop

s (~up) = 0; (9)

81 � p � M 1 � 2; 81 � s � 3;
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where ~u0 = ~v0 = 0 and ~uM 1 � 1 = ~vM 2 � 2 = 0. This is now a closedsystem of 3M 1M2

equationswith as many variables.
As in the previoussection,we attempt to solve this systemwith the help of Newton's

iterativ e method. For this, we �rst needto compute the derivativesof the left hand sides
with respect to y.

Di�eren tiation of the left hand side of (3), (4), (5), (6), (7), (8) and (9) with respect
to y3(( i � 1)M 2 + j � 1)+ t respectively yields

Ci (~up)D j (~vq)f ;t (
X M 1

l=1

X M 2

m=1
Y3(( l � 1)M 2 + m� 1)Cl (~up)Dm (~vq))

for 1 � p � M 1 � 2; 1 � q � M 2 � 2;

X M 1

l=1

X M 2

m=1
y3(( l � 1)M 2 + m� 1)+ t (C0

i (~up)C00
l (~up) + C0

l (~up)C00
i (~up))D j (~vq)Dm (~vq)

for 1 � p � M 1 � 2; 1 � q � M 2 � 2;

X M 1

l=1

X M 2

m=1
y3(( l � 1)M 2 + m� 1)+ t Ci (~up)Cl (~up)(D 0

j (~vq)D 00
m (~vq) + D 0

m (~vq)D 00
j (~vq))

for 1 � p � M 1 � 2; 1 � q � M 2 � 2;

� tsCi (0)D j (~vq) for 0 � q � M 2 � 1; 1 � s � 3;

� tsCi (1)D j (~vq) for 0 � q � M 2 � 1; 1 � s � 3;

� tsCi (~up)D j (0) for 1 � p � M 1 � 2; 1 � s � 3

and
� tsCi (~up)D j (1) for 1 � p � M 1 � 2; 1 � s � 3:

4 Error Estimation

An appropriate criteria for error estimation is the computation of distancesfrom the
points on the numerically obtainedsurfaceto the zerolevel set of f . This canbe achieved
by �rst calculating the distancefunction � : 
 ! R to the zero level set of f . We do so
by using the results in [4].

Considerthe partial di�erential equation

� t = sign(f )(1 � kr � k);
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where sign(f ) gives the sign of f . Solving the above equation to steady state provides
a function � with the property that kr � k = 1, sinceconvergenceoccurswhen the right
hand side is zero. The sign function controls the 
o w of information in the above; if � is
negative, information 
o ws oneway and if � is positive, then information 
o ws the other
way. The net e�ect is to straighten out the level setson either side of the zero level set
and producea � function with kr � k = 1 corresponding to the signeddistancefunction.

We measurethe error of our approximation surface ~x(u; v) as
Z

[0;1]2
j� (~x(u; v)) jj J (x; u; v)jdudv

whereJ (x; u; v) is the Jacobianof x with respect to u; v. Geometrically, the error measure
the L1 distant betweenthe exact surfaceand the approximation.

Wemadeuseof this simplemethod for error estimation in all of the following examples.

5 Examples

We started with a simple example,for testing purposes.Consider

f : R3 ! R; f (x; y; z) = x2 + y2 � 1;

along with the following boundary data:

x = 0; y = 1; z = v for v 2 [0; 1]

x = 1; y = 0; z = v for v 2 [0; 1]

x = cos(
�
2

u); y = sin(
�
2

u); z = 0 for u 2 [0; 1]

x = cos(
�
2

u); y = sin(
�
2

u); z = 1 for u 2 [0; 1]:
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f=x2+y2-1

The surfacesolution to this problem is a quarter cylinder of radius one, betweenthe
planesz = 0 and z = 1. By using code built on either the �nite di�erence schemeor the
�nite element idea, we wereable to �nd out approximations of the following parametriza-
tion of this surface:

x = cos(
�
2

u); y = sin(
�
2

u); z = v for u 2 [0; 1]; v 2 [0; 1];

pictured in the �gure above.
We next attempted calculating more di�cult examples,like:

f : R3 ! R; f (x; y; z) = 1 � 2x2 � 50x(1 � x)y(1 � y)z(1 � z):

In just a few iterations, our code calculatedthe parametrization pictured in the �gure
below. In the initial running, we found damping was neededin the �rst few Newton
iterations, in order for the solution to converge.
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Finally, we present a practical application, that of computing the surfaceenvelope E
of a swept surface,which is de�ned as the boundary of the set

f x 2 R3 : 9t 2 [0; T] with x 2 S(t)g;

whereS(t) is our time evolving surface.A characterization for all the points situated on
E is that the velocity St should be perpendicular to the normal at the surface. Thus, if
the surfaceS(t) is given parametrically by u and v, the appropriate condition is

(Su � Sv) � St = 0:

This canbe interpreted asthe zerolevel set of a real function de�ned on the (u; v; t) space
and computedusing either oneof our codes.

Pictured below is the representation in the (u; v; t) spaceof a surfaceenvelope for a
certain S(t) described by its spline coe�cien ts. Using the results of our code, we were
able to build up a three dimensionalmovie (seeattached envelope.wrl �le), a snapshotof
which is shown on the last page.
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