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Abstract. We give a comprehensive analysis of a stabilization scheme for the time-
dependent, convection-dominated, convection-di�usion problem. The method consistsof
adding arti�cial viscosity acting only the small scales.We considera semi-discreteformula-
tion and a fully discretizedformulation with a Crank-Nicholsonschemefor the time variable.
We prove stabilit y and convergencefor both approximations. The error estimatesderived
give important guidancein tuning the stabilization and the separationpoint betweenlarge
and small scales.
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1 In tro duction.

Considerthe solution of the time-dependent convection di�usion problem

ut � � � u + b � r u + gu = f ; in 
 � (0; T];
u(x; t) = 0; on @
 � (0; T];
u(x; 0) = u0(x); on 
 � 0;

(1)

where 
 � Rd(d = 2; 3); � > 0 is a di�usion coe�cien t, b : 
 � (0; T] ! Rd is a known
convection �eld, g(x; t) : 
 � (0; T] ! R is a known linear absorbtion term, and f (x; t) :

 � (0; T] ! R is a known forcing function. Typically, u : 
 � (0; T] ! R represents the
concentration level of a substancein a 
uid 
o w or somescalar value associated with the

uid itself. Examplesof the former would include carbon monoxide levels in the air above a
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city or crud levels within a nuclear reactor. The most commonexampleof the latter would
be the 
uid's temperature.

Let h > 0 be a representativ e �nite element length scale. It is well known that for
�

jbjh << O(1) the standard �nite element method losesstabilit y of r u, manifestedby large
node to node 
uctuations in the approximate solution,[RST]. This condition can obviously
occur as any combination of weak di�usion (small � ), strong convection (large b) or as
the result of a large problem domain 
. The last caseoccurs frequently in geophysical
applications. For instance, in a pollution model the physical domain may be hundreds of
miles wide. A computationally feasible�nite element meshwould have a length scaleof at
least hundredsof feet.

A great deal of mathematical and scienti�c research has beendevoted to rectifying this
problem. Among the most common approaches are streamline-upwind Galerkin methods
[??],characteristic Galerkin methods [??] and methods basedon subgridscale(SGS) models
[??]. In a general sense,each of these are basedon adding sometype of stabilization to
the standard Galerkin formulation. In doing this each method attempts to strike a balance
betweenconsistencywith the governing equationsand numerical stablity.

Among SGSmethods is an idea proposedby Guermond[??] in which arti�cial viscosity
is addedonly to the �ne scalesof a �nite element mesh. In this paper, we analyzeanother
such idea for the time dependent convection di�usion problem (1).

In section2 we de�ne notation usedthroughout the paper. In section3 we develop the
mathematical foundation for the proposedformulation. Sections4 and 5 analyzethe semi-
discreteand fully discreteapproximations. Weconcludewith remarkson the implementation
of the method and a proposal for future research.

2 Mathematical Preliminaries

2.1 Norms

De�nition 2.1 For 
 � Rm the L2 norm of a function f : 
 ! Rn is denoted

kf k =
� Z



jf (x)j2dx

� 1=2

:

(�; �) wil l denotethe standard inner product on L 2.

De�nition 2.2 For 
 an open, connected subsetof Rn the norm on the Sobolevspace H k(
)
is de�ned for f 2 C1 (
) by

kf kk �

" Z



f 2(x) +

kX

j =1
j� j= j

�
@� f (x)

@x �

� 2

dx

#1=2

:
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In particular we set X � H 1
0 (
) � f v 2 L2(
) : r v 2 L2(
) and v = 0 on � = @
 g.

We use norms over both continuous time (t 2 [0; T]) and space,(
) or over discrete time
(tn = n� t; n = 0; 1; :::N = T=� t) and space. We will use conventional abbreviations, for
examplewith continuous time

kukL 1 (H r ) � kukL 1 (0;T );H r (
) = ess sup
0� t � T

ku(x; t)kH r

and

kutkL 2(L 2 ) � kutkL 2(0;T );L 2 (
) =
hZ T

0
k

@
@t

u(x; t)kL 2

i 1=2
:

And in the discretecase

kukl2(L 2 ) � kukl2(0;N );L 2 (
) =
h
� t

NX

n=0

kunk2
i 1=2

:

De�nition 2.3 For 
 � Rm the (a,b) weighted norm of a function u : 
 ! R is de�ned by

kuk2
a;b = akuk2 + bkr uk2:

In particular we will frequently make useof the norms kuk1;� and kuk1;1.

De�nition 2.4 For 
 � Rm the (a,b,� ) weighted norm of a function u : 
 ! R is de�ned
by

jjj ujjj 2
a;b;� = kuk2

a;b + � kP?
L H r uk2:

The operator P ?
L H is a projection operator which will be discussedin the following section.

In section�v e we make useof the following discretenorm

De�nition 2.5 For 
 � Rm the l2 in time, 0 � n� t � T, (a,b,� ) weighted norm of a
function u : 
 ! R is de�ned by

jjj ujjj 2 = � t
N � 1X

n=0

jjj unhal f jjj 2
1;�;�

De�nition 2.6 Given any real number c de�ne the weighted norm k�k(c:(0;T )) on 
 � (0; T]
to be

k
 k2
(c:(0;T )) =

Z T

0
ec(t � T )k
 k2dt:

De�nition 2.7 For T > 0 the weighted L 2(0; T; H 1(
)) norm jjj 
 jjj (c:(0;T )) is de�ned by

jjj 
 jjj 2
(c:(0;T )) �

Z T

0
et � T

h
� kr 
 k2 + � kP?

L H r 
 k2
i
dt:
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2.2 Forms

The variational formulation of (1) is: given f : (x; t) ! R and u0 2 X , �nd u : [0; T] ! X
satisfying

(ut ; v) + � (r u; r v) + (b � r u; v) + (gu; v) = (f ; v); 8 v 2 X ;
(u(x; 0); v) = (u0(x); v) 8v 2 X :

(2)

De�nition 2.8 For all u; v 2 X de�ne

B(u; v) � (b � r u; v) + (gu; v); (3)

a(u; v) � � (r u; r v) + B(u; v)

and
A(u; v) � a(u; v) + (P ?

L H r u; P?
L H r v):

Theseforms have several properties that will be usedthroughout this paper.

Lemma 2.1 For u 2 X

B(u; u) =
� �

g �
1
2

r � b
�
u; u

�

Pro of: Considerthe �rst term from the right hand sideof (3).

(b � r u; u) =
Z




nX

i =1

�
bi

@u
@x i

�
udx

=
1
2

Z




nX

i =1

�
bi

@
@x i

�
u2

�
�
dx

=
1
2

Z




� nX

i =1

@
@x i

�
bi (u2)

�
�

� @
@x i

bi

�
(u2)

�
dx

=
1
2

Z



r �

�
b(u2)

�
dx �

1
2

Z




� nX

i =1

@
@x i

bi

�
(u2)

=
1
2

Z

@

u2 b � ndx �

Z




� 1
2

r � b
�

(u2)dx:

By hypothesis,u 2 X implies that u = 0 on @
. Thus, the �rst term on the right hand side
vanishes.As a result,

B (u; u) = (b � r u; u) + (gu; u) =
� �

g �
1
2

r � b
�

u; u
�

:
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�

To prove the next lemma we require the following assumption.

Assumption 2.1 There existsa constant � suchthat

g �
1
2

r � b � � > 0

Lemma 2.2 a(�; �) is continuous. Speci�c ally, there are three (di�er ent) constantsdependent
on g(x) and b(x), denoted C(g; b) suchthat

a(u; v) � C(g; b)kuk1;1kvk1;�

and if v 2 X
a(u; v) � C(g; b)kuk1;� kvk1;1

Furthermore, under assumption(2.1), a(�; �) is coercive. Speci�c ally,

a(u; u) � C(g; b)kuk2
1;�

Pro of: For continuity, we have

a(u; v) = � (r u; r v) + (b � r u; v) + (gu; v)

� � kr ukkr vk + max
x 2 


jb(x)jkr ukkvk + max
x 2 


jg(x)jkukkvk

� C(g; b)
� p

� kr uk; kr uk; kuk
�

�
� p

� kr vk; kvk; kvk
�

� C(g; b)
p

� kr uk2 + kr uk2 + kuk2
p

� kr vk2 + kvk2 + kvk2

� C(g; b)kuk1;1kvk1;� :

For the secondcaseof continuity, we useGreen'sTheoremto rewrite (b � r u; v).

(b � r u; v) =
Z



(b � r u)v

=
Z

@

(b � n̂)uv �

Z



ur � (vb)

Sincev 2 X the boundary term vanishesand we expandthe secondterm to get

(b � r u; v) = �
Z



u(r v � b) �

Z



uv(r � b)

= � (u; b � r v) � ((r � b)u; v):
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Thus, we have

a(u; v) = � (r u; r v) + ((g � r � b)u; v) � (u; b � r v)

� � kr ukkr vk + max
x2 


jg � r � bjkukkvk + max
x 2 


jb(x)jkukkr vk

� C(g; b)
� p

� kr uk; kuk; kuk
�

�
� p

� kr vk; kr vk; kvk
�
:

Following the previouscontinuity argument from this point yields the result. For coercivity

a(u; u) = � kr uk2 + B(u; u)

= � kr uk2 +
� �

g �
1
2

r � b
�
u; u

�

� � kr uk2 + � kuk2

= C(g; � )kuk2
1;� :`

�

Lemma 2.3 Let u; v 2 L 2(
) . Under assumption(2.1), A(�; �) is continuous and coercive.
In particular,

A(u; v) � C1jjj ujjj 1;�;� jjj vjjjj 1;1;�

and
A(u; u) � C2jjj ujjj 2

1;�;�

where both C1 and C2 are dependentupon b; g; � ; and the projection operator P ?
L H .

Pro of: For both continuity and coercivity we usethe resultsof the previouslemma. Specif-
ically, for continuity we have

A(u; v) = a(u; v) + � (P ?
L H r u; P?

L H r v)

� C1kuk1;� kvk1;1 + � kP?
L H r ukkP?

L H r vk

� C1jjj ujjj 1;�;� jjj vjjj 1;1;� :

For coercivity,

A(u; u) = a(u; u) + � (P ?
L H r u; P?

L H r u)

� � kr uk2 + � kuk2 + � kP?
L H r uk2

� Cjjj ujjj 2
1;�;� :

�
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2.3 Finite Elemen t Spaces

For error analysiswe recall basicerror estimatesand typical assumptionsfor the interpolants
I (u) of u in the �nite element spaces.

We assumethat our domain 
 � Rd(d = 2; 3) is subdivided into triangular (tetrahedral)
elements and that h denotesthe maximum length of any edgeof this subdivision. The shape
of individual elements is assumedquasi-uniform \shape regular." The minimum angle is
bounded below. We insist that each triangle (tetrahedron) has essentially the samearea
(volume).

We further assumethat �nite element spacesX h have beenconstructedsuch that we the
following inequality holds. For someinteger s � 2 and small h

inf
� 2 X h

n
ku � � k + hkr (u � � )k

o
� Chr kukr ; 1 � r � s:

In particular, for � = h; H

ku � I (u)k � C� r kukr ; 1 � r � s

kr (u � I (u))k � C� r kukr � 1; 1 � r � s

There are many �nite element spacesfor which theseassumptionshold such as the spaceof
conforming linears. For other examplessee(?????????).

Lastly, for � = h; H we assumethat our �nite element spaceadmits an inverseestimate
of the form

kr v� k � C� � 1kv� k 8v� 2 X � : (4)

Where the constant C depends on the polynomial degreeof the �nite element space,k,
and the minimum anglefor any element, � min . This assumptionis easily proven by scaling
arguments. Since(generally) we will use linears or quadratics for our basis functions and
our triangulation is quasi-uniform the constant C is of order one.

3 Mathematical Form ulation

The typical �nite element approach is to selecta �nite element spaceX h � X and proceed
with the calculation of Uh 2 X h by solving the systemof ODE's

(Uh
t ; vh) + a(Uh ; vh) = (f ; vh) 8 vh in X h:

In the following we analyzean approach stabilizing the approximation through the intro-
duction of an arti�cial viscosity term which acts only on the �ne scalesof the �nite element
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mesh. To equation(2) we add and subtract � (r u; r v) on the left hand sidewhere� = � (h)
is a positive constant. This gives

(ut ; v) + (� + � )(r u; r v) � � (r u; r v) + B(u; v) = (f ; v) 8 v in X :

This suggestsa mixed methods formulation whereinwe de�ne q � r u 2 L �
�
L2(
)

� d
. We

obtain the system,�nd (u; q) 2 (X ; L) satisfying
�

(ut ; v) + (� + � )(r u; r v) � � (q; r v) + B(u; v) = (f ; v) 8 v 2 X
; (q � r u; l) = 0 8 l 2 L:

In the discretizedproblem, let h and H represent two meshwidths (with h < H ). Let
LH � L and X h � X be �nite element spaces. The problem then is to �nd (Uh ; qH ) 2
(X h; LH ) satisfying

�
(Uh

t ; vh) + (� + � )(r Uh; r vh) � � (qH ; r vh) + B(Uh; vh) = (f ; vh) 8 vh 2 X h

; (qH � r Uh; lH ) = 0 8 lH 2 LH :
(5)

If LH is chosenso that LH � r X h, then qH = r Uh and (5) reverts to the usual Galerkin
approach. If LH is small, i.e. LH = f 0g, then � (qH ; r vh) = 0 and we have a straight
arti�cial viscosity formulation. The key then will be to selectL H , guided by preciseand
generalerror analysis,in such a way as to achieve a bene�cial balance. Set qH = PL H r Uh ,
wherePL H is the orthogonal projection of L 2 onto LH .

Lemma 3.1 If qH = PL H r Uh . Then the system(5) is equivalent to

(Uh
t ; vh) + � (P?

L H r Uh; P?
L H r vh) + a(Uh ; vh) = (f ; vh); 8 vh in X h (6)

where P?
L H � (I � PL H ).

Pro of: Usingdecomposition andL 2 orthogonality the secondequationof (5) is automatically
satis�ed as

(qH � r Uh ; lH ) = (PL H r Uh � r Uh; lH )

= (PL H r Uh � (PL H r Uh + P?
L H r Uh); lH )

= (P?
L H r Uh; lH )

= 0:

For the �rst equation, the sametools give

(� + � )(r Uh ; r vh) = � (r Uh ; r vh) + � (PL H r Uh ; r vh) + � (P?
L H r Uh; r vh)

= � (r Uh ; r vh) + � (qH ; r vh) + � (P?
L H r Uh; PL H r vh) + � (P?

L H r Uh ; P?
L H r vh)

= � (r Uh ; r vh) + � (qH ; r vh) + � (P?
L H r Uh; P?

L H r vh):

Substituting this into the �rst equation of (5) completesthe proof.
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�

SinceLH represents the large scalesof the mesh,the secondterm of (6) represents the
addition of arti�cial viscosity only to the �ne scales.

4 The Semi-Discrete Appro ximation

In this section,to highlight the e�ects of the spacialdiscretization, we considera discretiza-
tion of the spacevariable, leaving time continuous. The arguments for stabilit y and the
bound on the approximation error are useful jumping o� points for the analysis of fully
discreteformulations. We begin with the following lemma.

4.1 Stabilit y

Prop osition 4.1 If g� 1
2r � b � � > �1 the approximation derived from (6) is stableover

�nite time. Speci�c ally, there are constantsc1 2 R and c2 > 0 suchthat

kUh(T)k2 + � kP?
L H r Uhk2

(c1 :(0;T )) + � kr Uhk2
(c1 :(0;T )) � e� c1T jjUh(0)jj 2 +

1
c2

kf k2
(c1 :(0;T )) : (7)

Pro of: Choosingvh = Uh in (6) and expandinga(�; �) gives

(Uh
t ; Uh) + � (P?

L H r Uh; P?
L H r Uh) + � (r Uh ; r Uh) + (b� r Uh; Uh) + (gUh ; Uh) = (f ; Uh):

Since(Uh
t ; Uh) � 1

2
d
dt kUhk2 it follows that

1
2

d
dt

kUhk
2

+ � k(P?
L H r Uh)k2 + � kr Uhk2 +

� �
g �

1
2

r � b
�
Uh; Uh

�
� (f ; Uh):

And by hypothesis,

1
2

d
dt

kUhk
2

+ � kP?
L H r Uhk2 + � kr Uhk2 + � kUhk2 � (f ; Uh):

On the right sidewe have for c2 > 0

(f ; Uh) � jj f jj jjUhjj �
1

2c2
jj f jj 2 +

c2

2
jjUh jj 2:

Applying this and multiplying by two gives

d
dt

kUhk
2

+ 2� kP?
L H r Uhk2 + 2� kr Uhk2 + 2� kUhk2 �

1
c2

jj f jj 2 + c2 jjUh jj 2:
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Set c2 = j� j for � 6= 0 and c2 = 1 for � = 0. Then rearranginggives

d
dt

kUhk
2

+ c1kUhk2 + 2� kP?
L H r Uhk2 + 2� kr Uhk2 �

1
c2

jj f jj 2:

where

c1 =

8
<

:

3� � < 0
� 1 � = 0
� � > 0

Multiplying by the integrating factor ec1 t and integrating from t = 0 to t = T gives

ec1T kUh(T)k2�k Uh(0)k2+2�
Z T

0
ec1 t jjP?

L H r Uh jj 2dt+2�
Z T

0
ec1 t jjr Uh jj 2dt �

1
c2

Z T

0
ec1 tkf k2dt:

This implies

ec1T kUh(T)k2+ �
Z T

0
ec1 t jjP?

L H r Uh jj 2dt+ �
Z T

0
ec1 t jjr Uh jj 2dt � kUh(0)k2+

1
c2

Z T

0
ec1 tkf k2dt:

Multiplying by e� c1T , completesthe proof.

�

Corollary 4.1 If kf (t)k � f max < 1 and assumption(2.1) holdsthe approximation derived
from (6) is stablefor all time.

Pro of: With the bound on kf k, it follows from (7) that

kUh(T)k2 + 2� jjj P?
L H r Uh jjj 2

(c1 :(0;T )) + 2� jjjr Uh jjj 2
(c1 :(0;T )) � e� c1T kUh(0)k2 + f max

Z T

0
e� � (T � t )dt

� e� c1T kUh(0)k2 + f max

�
1 � e� � T

�

�
:

As T ! 1 we have

kUh(T)k + 2� jjj P?
L H r Uh jjj 2

(� :(0;T )) + 2� jjjr Uh jjj 2
(� :(0;T )) �

f max

�
:

�
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4.2 Error Analysis

For the error analysiswe �rst needto establish the existenceof the equilibrium projection
wh 2 X h of u given by

A(u � wh; vh) = a(u � wh; vh) + � (P?
L H r (u � wh); P?

L H r vh) = 0; 8vh 2 X h (8)

and draw conclusionsabout its accuracy. The next two lemmasaddresstheseissues.The
proof of the �rst follows from the Lax-Milgram theorem.

Lemma 4.1 Let u 2 X . The equilibrium projection wh of u, given by (8), existsuniquely.

Pro of: We de�ne for any u 2 X ; F (v) � A(u; v). With thesede�nitions we can rewrite (8)

A(wh; vh) = F (vh):

F is a continuous linear functional. As we are working in the �nite dimensionalspaceX h

all norms are equivalent. Thus to usethe Lax-Milgram theorem we needonly show in any
norms that A(�; �) is continuousand coercive. This wasaccomplishedin Lemma(2.3). Thus,
the hypothesesof the Lax-Milgram theorem are satis�ed and the existenceand uniqueness
of wh is assured.

�

For the proof of our error bound we will �rst needtwo results that bound the di�erence
betweenu 2 X and its equilibrium projection wh 2 X h.

Lemma 4.2 Let u 2 X . Let wh 2 X h be the equilibrium projection given by (8). Under
assumption(2.1) with � = O(1) and the assumptionsof our �nite elementspace there exists
a constant C = C(
 ; � min ; k; b) (independentof �; � ; h and H ) suchthat

ku � whkL 1 (L 2 ) � Cf (1 + � � 1(H ) + � � 1=2)hr +
p

� + �h r � 1gkukL 1 (H r )

and
jjj u � wh jjj (� :(0;T )) � Cf (1 + � � 1(H ) + � � 1=2)hr +

p
� + �h r � 1gkukL 2(H r ) :

Pro of: Let � = u � I (u) and � h = wh � I (u) whereI(u) is the interpolant of u in the space
X h. By the triangle inequality we have

ku � whkL 1 (L 2 ) � k� kL 1 (L 2 ) + k� hkL 1 (L 2 )

and
jjj u � wh jjj (� :(0;T )) � jjj � jjj (� :(0;T )) + jjj � h jjj (� :(0;T )) :
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We will �nd bounds for each of the four right hand side terms. Begining with the � terms
we have

k� kL 1 (L 2 ) = ess sup
0� t � T

ku � I (u)k

� ess sup
0� t � T

Chr kukr

� Chr kukL 1 (H r ) :

(9)

Consider

jjj � jjj (� :(0;T )) =

" Z T

0
e� (t � T )

h
� kr � k2 + � kP?

L H r � k2
i
dt

#1=2

�

"

�
Z T

0
kr � k2dt + �

Z T

0
Ckr � k2dt

#1=2

� C
p

� + �

" Z T

0
kr � k2dt

#1=2

� C
p

� + �

" Z T

0
Ch2(r � 1)kuk2

r dt

#1=2

:

Thus,
jjj � jjj (� :(0;T )) � C

p
� + � hr � 1kukL 2(H r ) : (10)

To bound the � h terms we rewrite equation (8)

A(wh; vh) = A(u; vh) 8vh 2 X h:

From this equation we choosevh = � h and subtract A(I (u); � h) from both sidesgiving

A(� h; � h) = A(� ; � h) = As(� ; � h) + Ass(� ; � h):

SinceAss(� h; � h) = 0, we have A(� h; � h) = As(� h; � h). Under assumption(2.1), [As(u; u)]1=2

de�nes a weighted norm. Consequently, we can apply the Cauchy-Schwartz inequality on
the right hand sidegiving

As(� ; � h) =
p

As(� ; � )
p

As(� h; � h) + Ass(� ; � h)

�
1
2

As(� ; � ) +
1
2

As(� h; � h) + Ass(� ; � h)

=
1
2

As(� ; � ) +
1
2

As(� h; � h) � (b� ; r � h) �
� � 1

2
r � b

�
� ; � h

�
:
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Inserting this into the previousequation, rearrangingand multiplying by 2 we obtain

As(� h; � h) � C
n

As(� ; � ) + j(b� ; r � h)j +
�
�� (r � b)� ; � h

� �
�
o

:

In addition,

As(� h; � h) = � kr � hk2 +
� �

g �
1
2

r � b
�
� h; � h

�
+ � kP?

L H r � hk2

� � kr � hk2 + � k� hk2 + � kP?
L H r � hk2:

Thus,

� kr � hk2 + � k� hk2 + � kP?
L H r � hk2 � C

n
As(� ; � ) + j(b� ; r � h)j +

�
� � (r � b)� ; � h

� �
�
o

: (11)

Considerthe right hand side. For the �rst term, by de�nition

As(� ; � ) = � kr � k2 +
� �

g �
1
2

r � b
�
� ; �

�
+ � kP?

L H r � k2

� Cjjj � jjj 2
1;�;� :

For the secondterm we have

j(b� ; r � h)j � j(PL H (b� ); PL H r � h)j + j(P?
L H (b� ); P?

L H r � h)j

� kPL H (b� )kkPL H r � hk + kP?
L H (b� )kkP?

L H r � hk:

Using the inverseestimate (4) on kPL H r � hk and then applying Young's inequality twice
gives

j(b� ; r � h)j � CH � 1kPL H (b� )kk� hk + kP?
L H (b� )kkP?

L H r � hk
	

�
1
�

CH � 2kPL H (b� )k2 +
�
4

k� hk2 +
1

2�
kP?

L H (b� )k2 +
�
2

kP?
L H r � hk2:

For the third term we have
�
� � (r � b)� ; � h

� �
� � Ck� kk� hk

� C
h1

�
k� k2 +

�
4

k� hk2
i
:

Inserting thesethree inequalities into (11) and rearranginggives

� kr � hk2 +
�
2

k� hk2 +
�
2

kP?
L H r � hk2 �

� C
n

jjj � jjj 2
1;�;� +

1
�

� � 2(H )kPL H (b� )k2 +
1

2�
kP?

L H (b� )k2 +
1
�

k� k2
o

:

13



With the assumption � = O(1) we absorb 1
� k� k2 into jjj � jjj 2

1;�;� : The above can then be
rewritten

jjj � h jjj 2
1;�;� � C

n
jjj � jjj 2

1;�;� + � � 2(H )kPL H (b� )k2 + � � 1kP?
L H (b� )k2

o
: (12)

Inside the brackets we have

jjj � jjj 2
1;�;� = k� k2 + � kr � k2 + � kP?

L H r � k2

� Cf h2r + (� + � )h2(r � 1)gkuk2
r :

(13)

In addition, kPL H (b� )k2 and kP?
L H (b� )k2 are boundedby Ck� k2 � Ch2r kuk2

r . So

jjj � hjjj 2
1;�;� � C

n
h2r + (� + � )h2(r � 1) + � � 2(H )h2r + � � 1h2r + h2r

o
kuk2

r ;

which implies

jjj � h jjj 1;�;� � C
n

(1 + � � 1(H ) + � � 1=2)hr +
p

� + � hr � 1
o

kukr : (14)

Now
k� hkL 1 (L 2 ) = ess sup

0� t � T
k� hk � ess sup

0� t � T
jjj � h jjj 1;�;� : (15)

Thus,
k� hkL 1 (L 2 ) � C

n
(1 + � � 1(H ) + � � 1=2)hr +

p
� + � hr � 1

o
kukL 1 (H r ) : (16)

Combining this bound with (9) completesthe �rst part of the proof. Finally, we have

jjj � h jjj (� :(0;T )) =
� Z T

0
e� (t � T )

h
� kr � hk2 + � kP?

L H r � hk2dt
i � 1=2

�
n Z T

0
jjj � h jjj 1;�;� dt

o1=2

� C
n

(1 + � � 1(H ) + � � 1=2)hr +
p

� + � hr � 1
on Z T

0
kuk2

r dt
o1=2

� C
n

(1 + � � 1(H ) + � � 1=2)hr +
p

� + � hr � 1
o

kukL 2(H r ) :

And this bound, combined with (10) completesthe proof.

�

Corollary 4.2 Under the assumptionsof lemma (4.2)

k(u � wh)tkL 2(L 2 ) � Cf (1 + � � 1(H ) + � � 1=2)hr +
p

� + � hr � 1gkutkL 2(H r ) :

14



Pro of: We write (u � wh)t = � t + � h
t . All the analysisdone in the previous lemma holds

with � t and � h
t . We amend(9) to obtain

k� tkL 2 (L 2 ) � Chr kutkL 2(H r ) :

Similarly, from (15) and (16) we obtain

k� h
t kL 2 (L 2 ) � C

n
(1 + � � 1(H ) + � � 1=2)hr +

p
� + � hr � 1

o
kutkL 2(H r ) :

Putting thesetogether completesthe proof.

�

Theorem 4.1 Under the assumptionsof lemma(4.2) the following error estimateshold for
the method (6):

ku � UhkL 1 (L 2 ) � C
� n

(1 + � � 1(H ) + � � 1=2)hr +
p

� + �h r � 1
o�

kukL 1 (H r ) + kutkL 2(H r )

�
+

+
p

� kP?
L H r ukL 2(L 2 ) + kUh(0) � u0k

�

and

jjj u � Uh jjj (� :(0;T )) � C
� n

(1 + � � 1(H ) + � � 1=2)hr +
p

� + � hr � 1
o�

kukL 2(H r ) + kutkL 2 (H r )

�
+

+
p

� kP?
L H r ukL 2(L 2 ) + kUh(0) � u0k + hr ku0kr

�
:

Pro of: As e = u� Uh wecanwrite e = � � � h wherewerede�ne � = u� wh and � h = Uh � wh.
The triangle inequality reducesbounding any norm of e to that of bounding � h and � . By
lemma (4.2) we have bounds on both k� kL 1 (L 2 ) and jjj � jjj (� :(0;T )) . We proceedby �nding
similar boundson the � h terms.

Subtracting the equations(2)-(6) for vh 2 X h gives

(et ; vh) + a(e;vh) � � (P?
L H r Uh ; P?

L H r vh) = 0:

Writing e = � � � h and rearranginggivesfor all vh 2 X h

(� h
t ; vh) + a(� h; vh) + � (P?

L H r Uh; P?
L H r vh) = (� t ; vh) + a(� ; vh):

The last term on the left hand sidecan be rewritten using r Uh = r � h � r � + r u. Thus,

(� h
t ; vh) + a(� h; vh) + � (P?

L H r � h; P?
L H r vh) =

(� t ; vh) + a(� ; vh) + � (P?
L H r � ; P?

L H r vh) � � (P?
L H r u; P?

L H r vh):

15



With our choiceof the wh the secondand third terms on the right hand sideof this equation
vanish. Then setting vh = � h gives

(� h
t ; � h) + a(� h; � h) + � (P?

L H r � h; P?
L H r � h) = (� t ; � h) � � (P?

L H r u; P?
L H r � h):

Consider

a(� h; � h) = � (r � h; r � h) + (b� r � h; � h) + (g� h; � h)

� � kr � hk2 + � k� hk2:

Using this and well known identities on the left hand sidegives

1
2

d
dt

k� hk2 + � kr � hk2 + � k� hk2 + � kP?
L H r � hk2 � (� t ; � h) � � (P?

L H r u; P?
L H r � h):

The Cauchy-Schwartz inequality implies

(� t ; � h) � � (P?
L H r u; P?

L H r � h) � k� tkk� hk + � kP?
L H r ukkP?

L H r � hk

�
1

2�
k� tk2 +

�
2

k� hk2 +
�
2

kP?
L H r uk2 +

�
2

kP?
L H r � hk2:

Combining theselast two inequalitiesand multiplying by two gives

d
dt

k� hk2 + � k� hk2 + 2� kr � hk2 + � kP?
L H r � hk2 �

1
�

k� tk2 + � kP?
L H r uk2:

Using the integrating factor e� t , dropping the coe�cien t 2 from the third term and using a
genericconstant for 1

� gives

d
dt

(e� t k� hk2) + � e� tkr � hk2 + � e� t kP?
L H r � hk2 � Ce� t k� tk2 + � e� tkP?

L H r uk2:

Integrating from t=0 to t=T and rearranginggives

e� T k� h(T)k2 +
Z T

0
e� t

h
� kr � hk2 + � kP?

L H r � hk2
i

dt �

� k� h(0)k2 +
Z T

0
e� t

�
Ck� tk2 + � kP?

L H r uk2

�
dt: (17)

Multiplying by e� � T gives

k� h(T)k2 +
Z T

0
e� (t � T )

h
� kr � hk2 + � kP?

L H r � hk2
i

dt �

� e� � T k� h(0)k2 +
Z T

0
e� (t � T )

�
Ck� tk2 + � kP?

L H r uk2

�
dt: (18)
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Note, there exists 0 � t � � T such that k� h(t � )k = k� hkL 1 (L 2 ) . The analysisperformed in
the last two stepscan be repeatedwith the integration performed from t = 0 to t = t � . In
this case,we have k� hkL 1 (L 2 ) bounded by right hand side with T replacedwith t � in the
integral. Sincethe integrand on the right hand side is positive this implies that k� hkL 1 (L 2 )

is boundedby the right hand sideof (18)

k� hk2
L 1 (L 2 ) + jjj � hjjj 2

(� :(0;T )) � e� � T k� h(0)k2 +
Z T

0
e� (t � T )

�
Ck� tk2 + � kP?

L H r uk2

�
dt:

As the above implies that each of k� hk2
L 1 (L 2 ) and jjj � h jjj 2

(� :(0;T )) are bounded by the right
hand side,we can write

k� hkL 1 (L 2 ) + jjj � h jjj (� :(0;T )) � C
�

k� h(0)k +
� Z T

0
k� tk2

� 1=2

+
p

�
� Z T

0
kP?

L H r uk2

� 1=2�

� C
h
k� h(0)k + k� tkL 2 (L 2 ) +

p
� kP?

L H r ukL 2(L 2 )

i
:

Considerthe right hand side. For the �rst term

k� h(0)k = kUh(0) � wh
0k � kUh(0) � u0k + kwh

0 � u0k

� kUh(0) � u0k + k� 0k

� kUh(0) � u0k + Chr ku0kr :

(19)

The secondterm was bound by Corollary (4.2). Thus, we obtain

k� hk(L 1 (L 2 )) + jjj � hjjj (� :(0;T )) � C
�
p

� kP?
L H r ukL 2(L 2 ) + kUh(0) � u0k + hr ku0kr +

+ hr kutkL 2 (L 2 ) +
n

(1 + � � 1(H ) + � � 1=2)hr +
p

� + �h r � 1
o

kutkL 2 (H r )

�
:

Combining the above bound with thoseof lemma (4.2) completesthe proof.

�

5 The Fully Discrete Case

In this section, we considera fully discrete formulation of (6), in particular, we will turn
our attention to the Crank-Nicholsonmethod. To account for the discretization of time we
will usethe following de�nition and notation. We set N = T

� t whereT is a predetermined
stoppingtime. Weusethe subscriptn to denotevaluesat a certain time period. For instance,
f n = f (n� t). We also use the subscript n + 1

2 to represent the averageof a quantit y over
the two discretetimes for examplef n+ 1

2
= 1

2(f n + f n+1 ).

17



5.1 Stabilit y

Considerthe Crank-Nicholsontime discretization of (6).

;
� Uh

n+1 � Uh
n

� t
; vh

�
+ A

� Uh
n+1 + Uh

n

2
; vh

�
=

�
f n+ 1

2
; vh

�
: (20)

Theorem 5.1 Under assumption(2.1), the method described by equation (20) is stableover
all time. Speci�c ally, for any N � 0

kUN
h k � kUh(0)k + � t

NX

n=0

kf n+ 1
2
k:

Pro of: Choosing vh = Uh
n+1 + Uh

n and using the Cauchy-Schwartz inequality on the right
we obtain

1
� t

(Uh
n+1 � Uh

n ; Uh
n+1 + Uh

n ) +
1
2

A(Uh
n+1 + Uh

n ; Uh
n+1 + Uh

n ) � kf n+ 1
2
kkUh

n+1 + Uh
n k:

Considerthe �rst term on the left hand side.

(Uh
n+1 � Uh

n ; Uh
n+1 + Uh

n ) = kUh
n+1 k2 � kUh

n k2 = (kUh
n+1 k � kUh

n k)(kUh
n+1 k + kUh

n k):

The secondterm on the left hand side is positive by lemma (2.3). Thus we can eliminate
this term. We alsoapply the triangle inequality on the right hand side. As a result, we have

1
� t

(kUh
n+1 k � kUh

n k)(kUh
n+1 k + kUh

n k) � kf n+ 1
2
k(kUh

n+1 k + kUh
n k):

Cancelingterms and multiplying by � t we have

kUh
n+1 k � kUh

n k � � tkf n+ 1
2
k:

Summingboth sidesfrom n = 0 to n = N and rearrangingcompletesthe proof.

�

5.2 Error Analysis

We now turn our attention to developing an a priori error estimate on the approximate
solution of (20). As done in the previoussection, for the proof of the fully discretecasewe
�rst need results bounding the di�erence between un 2 X and its equilibrium projection,
wh

n 2 X h

18



Lemma 5.1 Let un 2 X . Let wh
n 2 X h be the equilibrium projection given by (8). Under

the assumptionsof lemma(4.2) there existsa constant C = C(
 ; � min ; k; b) (independentof
�; � ; h and H ) suchthat

max
0� n� N

kun � wh
nk � Cf (1 + � � 1(H ) + � � 1=2)hr +

p
� + � hr � 1g max

0� n� N
kunkr

and
jjj un+ 1

2
� wh

n+ 1
2
jjj � Cf (1 + � � 1(H ) + � � 1=2)hr +

p
� + � hr � 1gkukl2(H r ) :

Pro of: As we have donepreviously, we let un � wh
n = � n � � h

n , where � n = un � I (un) and
� h

n = wh
n � I (un). By the triangle inequality, we have

max
0� n� N

kun � wh
nk � max

0� n� N
k� nk + max

0� n� N
k� h

nk

and
jjj un+ 1

2
� wh

n+ 1
2
jjj � jjj � n+ 1

2
jjj + jjj � h

n+ 1
2
jjj :

We will �nd boundson each of the four right hand sidenorms. Consider

max
0� n� N

k� nk = max
0� n� N

kun � I (un)k � Chr max
0� n� N

kunkr : (21)

Beforeproceeding,we note the following inequalities

k� n+ 1
2
k2 =








1
2

(� n + � n+1 )







2
� C(k� nk2 + k� n+1 k2) � Ch2r (kunk2

r + kun+1 k2
r ):

Similarly, we have

kr � n+ 1
2
k2 � Ch2(r � 1)(kunk2

r + kun+1 k2
r )

kP?
L H r � n+ 1

2
k2 � Ch2(r � 1)(kunk2

r + kun+1 k2
r ):

In addition, we note that

� t
N � 1X

n=0

�
kunk2

r + kun+1 k2
r

�
� 2� t

NX

n=0

kunk2
r � Ckukl2(H r ) :

For the � n+ 1
2

bound we have by (13)

jjj � n+ 1
2
jjj 2 = � t

N � 1X

n=0

jjj � n+ 1
2
jjj 2

1;�;�

= � t
N � 1X

n=0

h
k� n+ 1

2
k2 + � kr � n+ 1

2
k2 + � kP?

L H r � n+ 1
2
k2

i

� Cf h2r + (� + � )h2(r � 1)g� t
N � 1X

n=0

�
kunk2

r + kun+1 k2
r

�
:
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Thus,
jjj � n+ 1

2
jjj 2 � Cf hr +

p
� + � hr � 1gkukl2(H r ) : (22)

Or
jjj � n+ 1

2
jjj � Cf hr +

p
� + � hr � 1gkukl2(H r ) : (23)

For the � h
n terms wenote that the proof of lemma(4.2) holdsfor discretetimes. For example,

from (12) we can write

jjj � h
n+ 1

2
jjj 2

1;�;� � C
n

jjj � n+ 1
2
jjj 2

1;�;� + � � 2(H )kPL H (b� n+ 1
2
)k2 + � � 1kP?

L H (b� n+ 1
2
)k2

o
:

Thus, we have

jjj � h
n+ 1

2
jjj 2 = � t

N � 1X

n=0

jjj � h
n+ 1

2
jjj 2

1;�;�

� C
�

� t
N � 1X

n=0

jjj � n+ 1
2
jjj 2

1;�;� + � t
N � 1X

n=0

h
� � 2(H )kPL H (b� n+ 1

2
)k2 + � � 1kP?

L H (b� n+ 1
2
)k2

i �

� C
n

jjj � n+ 1
2
jjj 2 + (� � 2(H ) + � � 1)h2r � t

N � 1X

n=0

�
kunk2

r + kun+1 k2
r

� o

� C
n

jjj � n+ 1
2
jjj 2 + (� � 2(H ) + � � 1)h2r

o
kukl2(H r ) :

And combining this with (22) gives

jjj � h
n+ 1

2
jjj 2 � C

�
(1 + � � 2 + � � 1)h2r + (� + � ) h2(r � 1)

�
kuk2

l2(H r ) :

This implies

jjj � h
n+ 1

2
jjj � C

�
(1 + � � 1 + � � 1=2)hr +

p
� + � hr � 1

�
kukl2(H r ) : (24)

Finally, using (14) we have

max
0� n� N

k� h
nk � C max

0� n� N
jjj � h

n+ 1
2
jjj 1;�;�

� C
�
(1 + � � 1(H ) + � � 1=2)hr +

p
� + � hr � 1

�
max

0� n� N
kunkr

(25)

Combining the bounds(21) with (25) provesthe �rst error bound. The secondis obtained
by combining (23) and (24).

�
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Theorem 5.2 There is a constant C independentof ???? suchthat

max
0� n� N

ku(�; n� t)� Uh
n k � C

n�
(1+ � � 1+ � � 1=2)hr +

p
� + � hr � 1

��
max

0� n� N
kunkr + kutkL 2 (H r )

�
+

+ kUh(0) � u0k + (� t)5=2kuttt kL 2(L 2 ) +
p

� kP?
L H r ukL 2(L 2 )

and

jjj u(�; n� t) � Uh
n jjj � C

n�
(1 + � � 1 + � � 1=2)hr +

p
� + � hr � 1

� �
kukl2(H r ) + kutkL 2 (H r )

�
+

+ kUh(0) � u0k + (� t)5=2kuttt kL 2(L 2 ) +
p

� kP?
L H r ukL 2(L 2 )

Pro of: Let wh
n 2 X h be the equilibrium projection of un , given by (8). We de�ne en �

un � Uh
n = � n � � h

n where � n = un � wh
n and � h

n = Uh
n � wh

n . For each time step, n, and to
each norm we apply the Cauchy-Schwartz inequality such that

max
0� n� N

ku(�; n� t) � Uh
n k � max

0� n� N
k� nk + max

0� n� N
k� h

nk:

And similarly,
jjj u(�; n� t) � Uh

n jjj � jjj � n jjj + jjj � h
n jjj :

We have boundson the � norms from lemma (5.1). Thus, we needonly �nd boundson the
� h

n terms. By de�nition of � h
n , we have for all � h 2 X h

� � h
n+1 � � h

n

� t
; � h

�
+ A

� � h
n+1 + � h

n

2
; � h

�
=

� Uh
n+1 � Uh

n

� t
; � h

�
+ A

� Uh
n+1 + Uh

n

2
; � h

�
�

�
� wh

n+1 � wh
n

� t
; � h

�
� A

� wh
n+1 + wh

n

2
; � h

�
:

(26)

By the choiceof wh we have

A
� wh

n+1 + wh
n

2
; � h

�
= A

� un+1 + un

2
; � h

�
:

Thus, equation (26) becomes

� � h
n+1 � � h

n

� t
; � h

�
+ A

� � h
n+1 + � h

n

2
; � h

�
=

� Uh
n+1 � Uh

n

� t
; � h

�
+ A

� Uh
n+1 + Uh

n

2
; � h

�
�

�
� wh

n+1 � wh
n

� t
; � h

�
� A

� un+1 + un

2
; � h

�
:

(27)
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In addition, we note that

� Uh
n+1 � Uh

n

� t
; � h

�
+ A

� Uh
n+1 + Uh

n

2
; � h

�
= (f n+ 1

2
; � h)

=
� f n+1 + f n

2
; � h

�

=
� (ut )n+1 + (ut )n

2
; � h

�
+ a

� un+1 + un

2
; � h

�
:

Applying this to (27) we have

� � h
n+1 � � h

n

� t
; � h

�
+ A

� � h
n+1 + � h

n

2
; � h

�
=

=
� (ut )n+1 + (ut )n

2
; � h

�
�

� wh
n+1 + wh

n

2
; � h

�
+ (a � A)

� un+1 + un

2
; � h

�
:

Adding and subtracting
�

un +1 � un

� t ; � h
�

to the right hand side, the �rst two terms can be
rewritten

"
� un+1 � un

� t
; � h

�
�

� wh
n+1 � wh

n

� t
; � h

�
#

+

"
� (ut )n+1 + (ut )n

2
; � h

�
�

� un+1 � un

� t
; � h

�
#

:

Thus we have for all � h 2 X h

� � h
n+1 � � h

n

� t
; � h

�
+ A

� � h
n+1 + � h

n

2
; � h

�
=

=
� � n+1 � � n

� t
; � h

�
+ (rn ; � h) + (a � A)

� un+1 + un

2
; � h

�
;

where

rn �
1
2

�
@
@t

un+1 +
@
@t

un

�
�

un+1 � un

� t

is the error in the approximation of (ut )n+ 1
2
. Choosing � h = � h

n+ 1
2

= 1
2

�
� h

n+1 + � h
n

�
gives

1
2� t

�
� h

n+1 � � h
n ; � h

n+1 + � h
n

�
+ A

�
� h

n+ 1
2
; � h

n+ 1
2

�
=

=
� � n+1 � � n

� t
; � h

n+ 1
2

�
+

�
rn ; � h

n+ 1
2

�
+ (a � A)

� un+1 + un

2
; � h

n+ 1
2

�
:

Considerthe terms on the left hand side. We expandand simplify the �rst giving

1
2� t

�
� h

n+1 � � h
n ; � h

n+1 + � h
n

�
=

1
2� t

�
k� h

n+1 k2 � k� h
nk2

�
:
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As noted in the proof of lemma (2.3)

A
�
� h

n+ 1
2
; � h

n+ 1
2

�
� � k� h

n+ 1
2
k2 + � kr � h

n+ 1
2
k2 + � kP?

L H r � h
n+ 1

2
k2:

With thesetwo facts we have

1
2� t

�
k� h

n+1 k2 � k� h
nk2

�
+ � k� h

n+ 1
2
k2 + � kr � h

n+ 1
2
k2 + � kP?

L H r � h
n+ 1

2
k2 �

�
� � n+1 � � n

� t
+ rn ; � h

n+ 1
2

�
+ (a � A)

� un+1 + un

2
; � h

n+ 1
2

�
:

Considerthe right hand sideof this inequality. For the �rst term we have
� � n+1 � � n

� t
+ rn ; � h

n+ 1
2

�
�








� n+1 � � n

� t
+ rn






 k� h

n+ 1
2
k

�
1

2�








� n+1 � � n

� t
+ rn








2
+

�
2

k� h
n+ 1

2
k2:

For the secondterm,

(a � A)
� un+1 + un

2
; � h

n+ 1
2

�
= � �

�
P?

L H r
un+1 + un

2
; P?

L H � h
n+ 1

2

�

� �





 P?

L H r
un+1 + un

2






 kP?

L H r � h
n+ 1

2
k

�
�
2






 P?

L H r
un+1 + un

2








2
+

�
2

kP?
L H r � h

n+ 1
2
k2:

Applying these,rearrangingand multiplying both sidesof the inequality by 2� t we have

�
k� h

n+1 k2 � k� h
nk2

�
+ � � tk� h

n+ 1
2
k2 + 2� � tkr � h

n+ 1
2
k2 + � � tkP?

L H r � h
n+ 1

2
k2 �

�
� t
�








� n+1 � � n

� t
+ rn








2
+ � � t






 P?

L H r
un+1 + un

2








2
:

With the assumption� = O(1) this can be rewritten
�

k� h
n+1 k2 � k� h

nk2
�

+ � tjjj � h
n+ 1

2
jjj 2

1;�;� � C
n







� n+1 � � n

� t
+ rn








2
+ � � t






 P?

L H r
un+1 + un

2








2o
:

Summingboth sidesof the equation from n = 0 to n = N � 1 gives

k� N k2 + jjj � h
n+ 1

2
jjj 2 �

� C
n

k� 0k2 + � t
N � 1X

n=0








� n+1 � � n

� t
+ rn








2
+ � � t

N � 1X

n=0






 P?

L H r
un+1 + un

2








2o
: (28)
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Consider

� t
N � 1X

n=0








� n+1 � � n

� t
+ rn








2
� � t

N � 1X

n=0

� 






� n+1 � � n

� t






 + krnk

� 2

� � t
N � 1X

n=0

� 






� n+1 � � n

� t








2
+ krnk2

�

=
1

� t

N � 1X

n=0

k� n+1 � � nk2 + � t
N � 1X

n=0

krnk2:

Thus,

k� N k2 + jjj � h
n+ 1

2
jjj 2 � C

n
k� 0k2 +

1
� t

N � 1X

n=0

k� n+1 � � nk2+

+ � t
N � 1X

n=0

krnk2 + � � t
N � 1X

n=0






 P?

L H r
un+1 + un

2








2o
:

As done in the previous section we note that given 0 � n� � N such that k� n �
k =

max0� n� N k� nk, we can in (28) sum from n = 0 to n = n� and the bound still holds.
Consequently, we can write

max
0� n� N

k� nk2 + jjj � h
n+ 1

2
jjj 2 � C

n
k� 0k2 +

1
� t

N � 1X

n=0

k� n+1 � � nk2+

+ � t
N � 1X

n=0

krnk2 + � � t
N � 1X

n=0






 P?

L H r
un+1 + un

2








2o
: (29)

We considereach term on the right hand side. k� 0k was bounded previously by (19). To
determinea bound on the secondterm �rst consider

� n+1 � � n =
Z tn +1

tn

� t dt:

This implies

k� n+1 � � nk �
Z tn +1

tn

k� tkdt:

Thus,

k� n+1 � � nk2 �
� Z tn +1

tn

k� tkdt
� 2

= (� t)2

� Z tn +1

tn

k� tk
dt
� t

� 2

:
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We apply Jensen'sinequality (Rudin, 1966)to the right hand side to obtain

k� n+1 � � nk2 � (� t)2
Z tn +1

tn

k� tk2 dt
� t

= � t
Z tn +1

tn

k� tk2dt:

Thus,
N � 1X

n=0

k� n+1 = � nk2 � � t
N � 1X

n=0

Z tn +1

tn

k� nk2dt = � t
Z T

0
k� tk2dt:

So, for the secondterm of (29) we have

1
� t

N � 1X

n=0

k� n+1 � � nk2 � k� tk2
L 2 (L 2 ) ; (30)

which has been bounded by corollary (4.2). For the third term of (29), the Peano kernel
theorem implies

krnk2 � C(� t)4
Z tn +1

tn

kuttt k2dt:

It follows that

� t
N � 1X

n=0

krnk2 � C(� t)5
Z T

0
kuttt k2 = C(� t)5kuttt k2

L 2(L 2 ) : (31)

For the �nal term of (29) we note that
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un + un+1

2








2
� C

N � 1X

n=0

kP?
L H r un + P?

L H r un+1 k2

� C
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n=0

�
kP?

L H r unk2 + kP?
L H r un+1 k2

�

� C
NX

n=0

kP?
L H r unk2:

Thus we have

� � t
N � 1X

n=0






 P?

L H r
un + un+1

2








2
� C� kP?

L H r unk2
l2(L 2 ) : (32)

To the inequality (29) we apply the boundsgiven by (30), (31) and (32) giving

max
0� n� N

k� nk2 + jjj � h
n+ 1

2
jjj 2 �

� C
�

k� h
0k2 + k� tk2

L 2(L 2 ) + (� t)5kuttt k2
L 2(L 2 ) + � kP?

L H r unk2
l2 (L 2 )

	
:
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As each of the left hand side norms are independently boundedby the right hand side, the
above can be rewritten

max
0� n� N

k� nk + jjj � h
n+ 1

2
jjj �

C
n

k� h
0k + k� tkL 2 (L 2 ) + (� t)5=2kuttt kL 2(L 2 ) +

p
� kP?

L H r unkl2(L 2 )

o
:

To the �rst two terms on the right hand side we use the bounds of (19) and corollary
(4.2) giving

max
0� n� N

k� nk + jjj � h
n+ 1

2
jjj �

� C
n

kUh(0) � u0k + hr ku0kr + f (1 + � � 1(H ) + � � 1=2)hr +
p

� + �h r � 1gkutkL 2(H r )+

+ (� t)5=2kuttt kL 2(L 2 ) +
p

� kP?
L H r unkl2(L 2 )

o
:

Combining this boundswith the boundsof lemma (5.1) completesthe proof.

�
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