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Abstract. We give a comprehensie analysis of a stabilization scheme for the time-
dependert, cornvection-dominated, convection-di usion problem. The method consists of
adding arti cial viscosity acting only the small scales.We considera semi-discreteformula-
tion and a fully discretizedformulation with a Crank-Nicholsonsdemefor the time variable.
We prove stability and corvergencefor both appraximations. The error estimatesderived

give important guidancein tuning the stabilization and the separationpoint betweenlarge
and small scales.
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1 Intro duction.

Considerthe solution of the time-dependen convection di usion problem

Ug u+b ru+gu = f; in (O; TY;
u(x;t) = 0 on @ O;T]; (1)
u(x;0) = ug(x); on 0;
where RY(d = 2;3); > 0Ois adiusion coecient, b : (0;T]! RYis a known
convection eld, g(x;t) : (0;T]! R is a known linear absorbtion term, and f (x;t) :
(0;T]! R is aknown forcing function. Typically, u : (O;T]! R represets the

conceifration level of a substancein a uid ow or somescalarvalue ass@iated with the
uid itself. Examplesof the former would include carbon monaide levelsin the air above a
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city or crud levels within a nuclear reactor. The most commonexampleof the latter would
be the uid's temperature.

Let h > 0 be a represetative nite elemen length scale. It is well known that for
Hn << O(1) the standard nite elemem method losesstability of r u, manifestedby large
node to node uctuations in the approximate solution,[RST]. This condition can obviously
occur as any combination of weak di usion (small ), strong cornvection (large b) or as
the result of a large problem domain . The last caseoccurs frequerily in geoplysical
applications. For instance, in a pollution model the physical domain may be hundreds of
miles wide. A computationally feasible nite elemem meshwould have a length scaleof at
least hundreds of feet.

A great deal of mathematical and scienti ¢ researb has beendewted to rectifying this
problem. Among the most common approades are streamline-upvind Galerkin methods
[??], characteristic Galerkin methods [??] and methods basedon subgridscale(SGS) models
[??]. In a generalsense,eat of these are basedon adding sometype of stabilization to
the standard Galerkin formulation. In doing this ead method attempts to strike a balance
betweenconsistencywith the governing equationsand numerical stablity.

Among SGSmethods is an idea proposedby Guermond[??] in which arti cial viscosily
is addedonly to the ne scalesof a nite elemen mesh. In this paper, we analyzeanother
sud ideafor the time dependent corvection di usion problem (1).

In section2 we de ne notation usedthroughout the paper. In section3 we dewelop the
mathematical foundation for the proposedformulation. Sections4 and 5 analyzethe semi-
discreteand fully discreteappraoximations. We concludewith remarkson the implemertation
of the method and a proposalfor future researb.

2 Mathematical Preliminaries

2.1 Norms

De nition 2.1 For R™ the L2 norm of a function f : ! R" is denotal
Z 1=2
kf k = if (X)j%dx

(; ) will denotethe standad inner product on L?2.

De nition 2.2 For an open, connected subsetf R" the norm on the Sollevspace HX()
isdenedforf 2 Ct() by

n Z #1=2

Xk f 2
Kf Ky £2(x) + ~ @@(X) dx

=]




In particular we setX HY() fv2L%) :rv2L%) andv=0o0n = @g.
We use norms over both continuoustime (t 2 [0; T]) and space,() or over discretetime
(th = n ttn=0;1::N = T= t) and space. We will use corvertional abbreviations, for
examplewith cortinuoustime

kUkLl (H") kUkLl (O;Tx;HT() = €SSSup kU(X; t)kHr
ot T

and hZ i
T @ | 1=2
kUtkLZ(LZ) kUtkLZ(O;T);LZ() = k@U(X, t)kLz .
0
And in the discretecase
h X I 12
kUk|2(|_2) kUk|2(0;N);|_2() = t kUnk2 .
n=0
De nition 2.3 For R™ the (a,b) weightel norm of a functionu: ! R is de ned by

kukZ, = akuk®+ bkr uk?:
In particular we will frequertly make useof the norms kuk;. and kuk ;.

De nition 2.4 For R™ the (a,b, ) weightel norm of a functionu: ! R is dened
by
jivjiizy. = kuki,+ KPZ4r uk®:
The operator PL'-’H is a projection operator which will be discussedn the following section.
In section v e we make use of the following discretenorm

De nition 2.5 For R™ thel?in time, 0 n t T, (ab, ) weight&e norm of a
functionu: ! R is dened by
y( 1
fiuiiiz= t  jijUshariii
n=0
De nition 2.6 Given any real numker c de ne the weightel norm k K1) on (0; T]
to be 7

.
k Koory = €0 Dk Kadt:
0

De nition 2.7 For T > 0 the weightel L(0; T;H()) norm jjj jjj o1y is de ned by

Z h . i
i i Gomy i ¢ T kr K2+ KPAr K2 dt:



2.2 Forms

The variational formulation of (1) is: givenf : (x;t)! Randug2 X, nd u:[0;T]! X
satisfying

(U;v)+ (rusrvy+ (b ruv)+ (gu;v)
(u(x; 0);v)

(f5v); 8v 2 X;
(ug(x);v) 8v2 X: 2)

De nition 2.8 For all u;v2 X de ne
B(u;v) (b ru;v)+ (gu;v); (3)

a(u;v)  (rurv)+ B(uv)
and
A(u;v)  a(u;v) + (PRt U Pr v):
Theseforms have seeral properties that will be usedthroughout this paper.

Lemma 2.1 Foru2 X L
B(uyuy= g =r b uu

2
Pro of: Considerthe rst term from the right hand side of (3).
Z
X
(b ruu)= b@ udx
i=1 @
Z
X
-1 h—@ u? dx
2 L &
2 X @ @
1 2 2
= - — h(u —Hh (u9) dx
: & " gt @
Z Z
— 1 2 1 X @ 2
_EZ r b(u)de > . @ib (u9)
-1 u’b ndx }r b (u?)dx:
2 6 2 '

By hypothesis,u 2 X impliesthat u= 0 on @. Thus,the rst term on the right hand side
vanishes.As a result,

B(u;u)= (b r u;u)+ (gu;u) = g %r b uju :



To prove the next lemmawe require the following assumption.

Assumption 2.1 There existsa constant suchthat

1
gérb >0

Lemma 2.2 a( ;) is continuous. Speci c ally, there are three (di er ent) constantsdepgendent
on g(x) and b(x), denotel C(g; b) suchthat

a(u;v)  C(g; bkuky.1kvk;.

andif v2 X
a(U; V) C(g, b)kUkl; kal;l

Furthermore, under assumption(2.1), a( ; ) is coercive. Speci c ally,
a(u;u)  C(g; bkuks,
Pro of: For cortinuity, we have

au;v)= (ru;rv)+ (b ruv)+ (gu;v)
kr ukkr vk + mzaij(x)jkr ukkvk + mzaxjg(x)jkukkvk
X X
C(g;b P uk; kr uk; kuk P vk; kvk; kvk
p
C(g:b)  kr uk2+ kr uk2+ kuk2  kr vk2 + kvk2 + kvk2
C(g, b)kUkl;lkal; .

For the secondcaseof cortinuity, we use Green'sTheoremto rewrite (b r u;v).

Z
b ruvy= (b ruv
Z Z
= (b A)uv ur (vb)
@
Sincev 2 X the boundary term vanishesand we expandthe secondterm to get
Z Z
(b ruv= u(r v b) uv(r b)

= (ub rv) ((r b)uwv):



Thus, we have

alu;v)= (ru;rv)+ (g r b)upv) (u;b rv)
kr ukkr vk + mzaxjg r bjkukkvk + mzaij(x)jkukkr vk
X X

C(g;b P e uk; kuk; kuk — vk; kr vk; kvk :
Following the previouscortinuity argumen from this point yields the result. For coercivity
a(u;u) = kr uk®+ B(u;u)
= kruk®+ g %r b u;u

kr uk®+ kuk?
C(g; )kuk? ©

Lemma 2.3 Letu;v2 L?() . Under assumption(2.1), A(; ) is continuous and coercive.
In particular,

AU V) Cajijujij s i villi v
and
A(U;u)  Cofj i
wheee both C; and C; are dependentupon b;g; ; and the projection operator P/, .

Pro of: For both cortinuity and coercivity we usethe results of the previouslemma. Specif-
ically, for cortinuity we have

A(u;v) = a(u;v) + (P u; Pl v)
Cikuky. kvkyg +  KPqr ukkPlur vk

For coercivity,

A(u;u) = a(u;u) +  (P2ar u;Plur u)
kr uk®+ kuk®+ kP71 uk?



2.3 Finite Element Spaces

For error analysiswe recall basicerror estimatesand typical assumptionsfor the interpolants
| (u) of uin the nite elemen spaces.

We assumethat our domain RY(d = 2; 3) is subdivided into triangular (tetrahedral)
elemerts and that h denotesthe maximum length of any edgeof this subdivision. The shape
of individual elemeits is assumedquasi-uniform \shape regular.” The minimum angle is
bounded belonv. We insist that ead triangle (tetrahedron) has essetially the samearea
(volume).

We further assumethat nite elemen spacesX " have beenconstructedsud that we the
following inequality holds. For someintegers 2 and small h

n 0
inf - ku  k+hkr (u )k Ch"kuk;; 1 r s

2xh
In particular, for = h;H
ku I(uk C "kuk; 1 r s

kr (u I(u)k C "kuk, g; 1 r s

There are many nite elemen spacedor which theseassumptionshold sud asthe spaceof
conforming linears. For other examplessee(????????7?).
Lastly, for = h;H we assumethat our nite elemem spaceadmits an inverseestimate
of the form
kkvk C kvk 8v 2X : (4)

Where the constart C depends on the polynomial degreeof the nite elemen space,Kk,
and the minimum anglefor any elemen, ., . This assumptionis easily proven by scaling
argumerns. Since (generally) we will use linears or quadratics for our basisfunctions and
our triangulation is quasi-uniformthe constart C is of order one.

3 Mathematical Form ulation

The typical nite elemen approad is to selecta nite elemem spaceX" X and proceed
with the calculation of U" 2 X" by solving the systemof ODE's

(UM v + a(uh vy = (v 8vhinXh:

In the following we analyzean approad stabilizing the approximation through the intro-
duction of an arti cial viscosity term which actsonly on the ne scalesof the nite elemen



mesh. To equation (2) we add and subtract (r u;r v) onthe left hand sidewhere = (h)
is a positive constart. This gives

(usv)+ (+ )(rurv (rurv)+B(uv) = (f;v) 8vinX:

This suggestsa mixed methods formulation whereinwedeneq ru2L L2() 4 we

obtain the system, nd (u;q) 2 (X;L) satisfying

(Usv)+ (+ Y)rurv) (grv)+B(uv) (f;v) 8v2 X
(g rul) = 0 8l 2 L:

In the discretizedproblem, let h and H represeh two meshwidths (with h < H). Let
LH L and X" X be nite elemen spaces. The problem then isto nd (U";qg") 2
(X ": L") satisfying

UV + (+ )(r Uhrvh) o (afr v + B(UM VD)
(gt r Ut

If LH is chosensothat LY r X", then g = r U" and (5) reverts to the usual Galerkin
approad. If LY is small, i.e. L" = f0g, then (qg';r v") = 0 and we have a straight
arti cial viscosity formulation. The key then will be to selectL", guided by preciseand
generalerror analysis,in sud a way asto achieve a bene cial balance. Setg™ = P ur U",
where P+ is the orthogonal projection of L2 onto L".

f:vh) 8vh 2 xh
E) : gIH 2 LH: (5)

Lemma 3.1 If g° = P_ar U". Then the system(5) is equivalentto
(UM v+ (PRar UM PR r v+ aUvh) = (F;v"); 8vMin XN (6)
whee P’ (I Ppw).
Pro of: Usingdecompmsition and L ? orthogonality the secondequationof (5) is automatically
satis ed as
(gt ruMIf)y= (Pear U™ r Ut
= (PLur UM (Puwr UM+ P2r UM 1)
= (P’r UM IH)
=0
For the rst equation, the sametools give
(+ Yruhrvh)= (ruUhr v+ (Pear UM v+ (PR UM V)
= (rUhrv)+ (@r v+ (PR UM PLer V) + (P UT PR V)
= (rUhr v+ (@ r v+ (PR UMY PR V)

Substituting this into the rst equation of (5) completesthe proof.



SinceL" represets the large scalesof the mesh,the secondterm of (6) represets the
addition of arti cial viscosily only to the ne scales.

4 The Semi-Discrete Appro ximation

In this section,to highlight the e ects of the spacialdiscretization, we considera discretiza-
tion of the spacevariable, leaving time cortinuous. The argumerts for stability and the
bound on the appraximation error are useful jumping o points for the analysis of fully
discreteformulations. We begin with the following lemma.

4.1 Stabilit y
Prop osition 4.1 If g %r b > 1 the approximation derived from (6) is stableover
nite time. Syeci c ally, there are constantsc; 2 R and ¢, > 0 suchthat

2 . . 1
kUh(T)k2+ kPLH r Uhk(zclz(O;T)) + kr Uhk(zclz(O;T)) € ClT”Uh(O)”2+ C_zkf k(zclz(O;T)): (7)

Pro of: Choosingv" = U" in (6) and expandinga( ; ) gives
(UM UM+ (PR UM PR UM+ (r UM UM+ (b r UM UM + (gUM UM = (F;UN):
Since(Uf';UM)  14kunk? it follows that
1d, .2 ? hy 12 hy2 1 h.yyh S 1hy-
éakUk+ K(P7wr UMK?+ kr U'k*+ g S b U™ U (f; U"):
And by hypothesis,

%%ku“k2+ KPZ.r U2+ kr U2+ KkU"KZ  (f;UM):
On the right sidewe have for ¢, > 0
1 C
f' h f . h:: _..f..2+ _2 |’l"2:
(F;07)  ifiiivti 25Tl > IV
Applying this and multiplying by two gives
d

akuhk2+ 2 kP r UMk?+ 2 kr U"k?+ 2 kU"K? C—lzjjfjj2+ c2 jjUnj*:

9



Setc, =] jfor 6 Oandc, = 1for = 0. Then rearranginggives

2 1., .
%kuhk2+ cikU"K? + 2 KPZar UMK+ 2k UTKE it
2
where 8
< 3 <0
G = 1 =0
>0
Multiplying by the integrating factor €' and integrating fromt = Oto t = T gives
Z ; Z 1 Z ;
e TkUN(T)k? k U"(0)k2+2 eYjP % r UNjj2dt+2 etjjr Uhjj2dt o e tkf k2dt:
0 0 2 0
This implies
Z ; Z ; 1 Z ;
e TkUMN(T)k?+ ejjP % r UNjj%dt+ e“ttjjir uhjj2dt kUh(O)k2+C— eLtkf k2dt:
0 0 2 0

Multiplying by e T, completesthe proof.

Corollary 4.1 If kf (t)k fnax < 1 andassumption(2.1) holdsthe approximation derived
from (6) is stablefor all time.

Pro of: With the bound on kf k, it follows from (7) that
Z

KUM(T)K? + 2 jjiPlur U] (chz(o;T)) + 2 jjjir U"jij (zcl:(O;T)) e ATKU"(0)K? + f max i e (T gt

]
e STKUN(0)K? + f ©

AsT! 1 wehave

R f
kUh(T)k+ 2 JiiP ur Uhm(2 o1y * 2 jjjr Uhm(z ©T) max .

10



4.2 Error Analysis

For the error analysiswe rst needto establishthe existenceof the equilibrium projection
w" 2 X" of u given by

A(u whvM)=au whvh)+ (P (u wh");Phrvh) =0, 82 X" (8)

and draw conclusionsabout its accuracy The next two lemmasaddresstheseissues. The
proof of the rst follows from the Lax-Milgram theorem.

Lemma 4.1 Letu 2 X. The equilibrium projection w" of u, givenby (8), existsuniquely.
Pro of: Wedene foranyu2 X;F(v) A(u;v). With thesede nitions we can rewrite (8)
AW vy = F(v"):

F is a cortinuous linear functional. As we are working in the nite dimensionalspaceX "
all norms are equivalert. Thus to usethe Lax-Milgram theoremwe needonly show in any
normsthat A( ; ) is cortinuousand coercive. This wasaccomplishedn Lemma(2.3). Thus,
the hypothesesof the Lax-Milgram theorem are satis ed and the existenceand uniqueness
of w" is assured.

For the proof of our error bound we will rst needtwo results that bound the di erence
betweenu 2 X and its equilibrium projection wh 2 X"

Lemma 4.2 Letu 2 X. Letw" 2 X" be the equilibrium projection given by (8). Under
assumption(2.1) with = O(1) and the assumptionsof our nite elementspace there exists
aconstantC = C( ; min;K;b) (independentof ; ;h andH) suchthat

ku thLl (|_2) Cf (1+ 1(H) + 1=2)hl' + p + h r 1gkUk|_1 (H')

and 0
fiu Whiicemy CFL+  *(H)+ AT+ T T+ h ' igkukieg:

Proof: Let =u I(u)and "= w" 1(u) wherel(u) isthe interpolant of u in the space
X M. By the triangle inequality we have

ku thLl (L2) kK k1 L2y Kk hkLl (L2)

and

jiiu Whjjj( o1y Il ¢ oy Tl hjjj( {0:T)) -

11



We will nd boundsfor eat of the four right hand side terms. Begining with the
we have

K ki1 L2y = esssupku 1 (u)k
ot T

ess sup Ch'kuk,

Ot T

Ch' kUkLl (Hr):

Consider
Z T h i #1=2
i omy = , e kr K+ kP,_?H r k® dt
Z; Z #1=5
kr  kedt+ Ckr Kk2dt
0 0
D " Z T #1-
c + kr k2dt
0
D "z T #1=
c + Ch2" Dkuk?dt
0
Thus,

...... p—
i dicory C  + h" tkukizge:

To boundthe M terms we rewrite equation (8)

AW v = A(u; v svh 2 XM

terms

(9)

(10)

From this equation we choosev" = " and subtract A(l (u); ") from both sidesgiving

AN M =AC; M=A(; M+ AL M)

SinceAg( M ") = 0,wehave A( "; M) = Ag( M "). Underassumption(2.1), [As(u; u)]*?
de nes a weighted norm. Consequetly, we can apply the Caudy-Sdwartz inequality on

the right hand side giving

p p
A M= A ) As(M M+AL(; M
:_ZLAS( ; )+ %As( h; h)+Ass( ; h)
=ACI)FSAL ) (b M) orob g

12



Inserting this into the previousequation, rearrangingand multiplying by 2 we obtain
n 0
AsC™ ™ C A )+ib e i+ (r b) 5 "

In addition,
As( ™ M= kr "+ g %r b " "+ KkPAr MK
kr "K2+ k MK2+ KPZ.r MK

Thus,
n 0
kr "K®+ k "k*+ KkPZir "k* C Ag(; )+jr Mi+ (r b); " (11

Considerthe right hand side. For the rst term, by de nition

As( ;)= kr K*+ g %r b ; + KkPXr K

For the secondterm we have
jlo st M j(Puk(b );Pear M+ j(P(b );Plr Mj
kP w (b YKkP w1 "k+ kP« (b )KKP i1 hk:
Using the inverse estimate (4) on kP, «r "k and then applying Young's inequality twice
gives
j(b :;r M) CH kP.u(b )kk "k+ kP (b )KkP 1 hk
len 2kPLu (b k% + 2K K2 + zikPL'-’H (b )k?+ §kPL'-’Hr hi2:

For the third term we have
(r b); h Ck kk Mk
h1 [
C =k K>+ Zk hg2 -

Inserting thesethree inequalitiesinto (11) and rearranginggives
kr  "k?+ Ek K2 + EkPL?Hr hi2

L 5 1, , 1. , 1.0
Ciii fiiz; + = “(H)kPun(b )k*+ S—kPlu (b )k™+ —k k™

13



With the assumption = O(1) we absorb 1k k? into jjj jjj3. : The above can then be

rewritten

Cfh? + ( + )h®" Ygkuk?:

In addition, kP_« (b )k? and kP’ (b )k? are boundedby Ck k?* Ch#kuk?. So
n o)
i iz, C R+ )R Ve 2H)RT 4 Th 4 P kuk,

which implies

n P 0
i ", C @+ Y(H)+ THR+ T+ hTokuke:
Now
k "kii 2y = esssupk "k esssup jij "1 :
0t T Ot T
Thus, n

p 0]

k hk|_1 (L2) C (1+ l(H) + l=2)hr + + h' 1 kUkLl (H7):

Combining this bound with (9) completesthe rst part of the proof. Finally, we have

Z h . i 1=
jii hjjj( (o)) = e D kr "W+ KP/wr hk2dt
0
nZr 01=
i Mijy; dt
0
n o on Z 010
C 1+ YH)+ ¥h'+ + h''! kuk?dt
n 0 0

C @+ M)+ B +" TN T kukuageoy,

And this bound, conbined with (10) completesthe proof.

Corollary 4.2 Under the assumptionsof lemma (4.2)

k(u Wh)tkLZ(LZ) Cf (1 + l(H) + lZZ)hr + P + h lgkutkLZ(Hr):

14

(12)

(13)

(14)

(15)

(16)



Pro of: Wewrite (u w"), = + . All the analysisdonein the previouslemma holds
with  and . We amend(9) to obtain

k tk|_2(|_2) ChrkutkLZ(Hr):

Similarly, from (15) and (16) we obtain
n o]
k |t’]k|-2(|-2) C (1 + 1(H) + 1=2)hl' + p + hl’ L kUtkLZ(Hr):

Putting thesetogether completesthe proof.

Theorem 4.1 Under the assumptionsof lemma (4.2) the following error estimateshold for
the methal (6):

n 0}
ku UhkLl (|_2) C (1+ 1(H) + 1=2)hl’ + p + h ri kUkLl (H’) + kUtkLZ(Hr) +

+ ID_kPL"’Hr Uk 2( 2y + kU"(0)  ugk

and
n 0

]”U Uh”]( :(0;T)) C (1+ 1(H) + 1:2)hr + P + hr ! kUkLZ(Hr) + kUtkLZ(Hr) +

+ p_kPEHr Uk|_2(|_2) + kUh(O) Uok+ hrkU()kr :

Pro of: Ase= u U" wecanwrite e= hwhereweredene =u whand "= U" w".
The triangle inequality reducesbounding any norm of e to that of bounding " and . By

similar boundson the " terms.
Subtracting the equations(2)-(6) for v" 2 X" gives

(e;vM) +a(ev")  (PAr UM P v =0
Writing e = h and rearranginggivesfor all v 2 X"
(v +al v+ (PO UTPILT V) = (ovh) +a( vh);

The last term on the left hand side can be rewritten usingr U"=r " r +r u. Thus,

(v +al v+ (PR PR V) =
(v +a( v+ (Phur Pr v (PR uPlr V)

15



With our choiceof the w" the secondand third terms on the right hand side of this equation
vanish. Then setting v" = " gives
(M MY+a( ™ M+ P NP M= ™ (P u Pl M)
Consider
O R G D R G R )
kr "k2+ k "Kk%:
Using this and well known idertities on the left hand side gives

%%k hk2+ kr hk2+ k hk2+ kPEHr hk2 ( . h) (PEHr U;PEHr h):

The Caudy-Scwartz inequality implies
(o™ (PAruPlr M) kkk "k+ kP2 ukkPZr "k
1 5 R .
2—k tk2+ Ek hk2+ EKPLHI’ Uk2+ EkPLHr hkz.

Combining theselast two inequalities and multiplying by two gives

%k "W+ k "k*+2kr "k?+ kP71 "K? 1y K2+ KPZur uk®:

Using the integrating factor e !, dropping the coe cient 2 from the third term and using a
genericconstart for 1 gives

%(etk ")+ e'kr "k*+ e'kPlur "k* Ce'k (k*+ e 'kP’ur uk?:

Integrating from t=0 to t=T and rearranginggives
Zt h i
e 'k (Tk*+ e kr "K¥+ kP’r "K? dt
0 s

k "O)k*+ e' Ck (k*+ kP2 r uk?® dt: (17)
0

Multiplying by e T gives
Z 1 h i
kK "(TMk2+ e® D kr M@+ kPAr " dt
0
Z 1

e "k "Ok*+ e® T Ckk®+ KkP’r uk® dt: (18)
0

16



Note, there exists0 t T sud that k "(t )k = k "k_: (2). The analysisperformedin
the last two stepscan be repeatedwith the integration performedfromt = 0tot=1 . In
this case,we have k "k : ( 2y bounded by right hand side with T replacedwith t in the
integral. Sincethe integrand on the right hand sideis positive this implies that k "k_1 (2
is boundedby the right hand side of (18)
Z
k "KZ: 2+ il Ml ory € Tk "OKE+ e ® D Ck k¥+ KkPZir uk? dt:
0
As the above implies that eah of k "k?, », and jjj "jjjf ,,.1) are boundedby the right
hand side, we can write
Z =2 g Z 1=2
K "k oy + i Mii¢ oy C Kk "(O)k+ k k2 + kP« uk?
h 0 0 [
Ck h(O)k+ k tk|_2(|_2) + p_kP:H r UkLZ(LZ) .

Considerthe right hand side. For the rst term
k "(0)k = kU"(0) wik kU"O) uok+ kwh uok
KUM(0) ugk + k ok (19)
kKU"(0) uok + Ch"kugk,:

The secondterm was bound by Corollary (4.2). Thus, we obtain

P— 52
k hk(Ll 2y + ) hjjj( {(0:T)) C kPLH r Uk|_2(|_2) + kUh(O) Uok + h"kugk, +
n P 0]
+ h'kuk 229+ L+ Y(H)+  )h"+ " + h'" ! kukeery ¢

Combining the above bound with those of lemma (4.2) completesthe proof.

5 The Fully Discrete Case

In this section, we considera fully discrete formulation of (6), in particular, we will turn

our attention to the Crank-Nicholsonmethod. To accoun for the discretization of time we
will usethe following de nition and notation. We setN = lt whereT is a predetermined
stoppingtime. We usethe subscriptn to denotevaluesat a certain time period. For instance,
fn=f(n t). We alsousethe subscriptn + % to represen the averageof a quartity over
the two discretetimes for examplefm% = %(fn + ).
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5.1 Stabilit y

Considerthe Crank-Nicholsontime discretization of (6).

h h h h
Un+l Un .Vh + A Un+l + Un 'Vh

. - ho.
) t , f’ = fn_,,%,v . (20)

Theorem 5.1 Under assumption(2.1), the methal descriled by equation (20) is stableover
all time. Sgecically, foranyN 0

KUNK  KUn()k+ t kf, ik

n=0

Pro of: ChoosingVv" = UP",, + UP and using the Caudy-Schwartz inequality on the right
we obtain

1 1
— (U UliUy + UR) + SAWUR + Ui Ul + Up) KE G akkURy, + Uk
Considerthe rst term on the left hand side.
(Ur?+1 Ur?’ Urr1]+1 + Ur?) = kUrr1]+1 k2 kur?kz = (kur?+1 k kUr? k)(kur?ﬂ k+ kur? k)

The secondterm on the left hand side is positive by lemma (2.3). Thus we can eliminate
this term. We alsoapply the triangle inequality on the right hand side. As a result, we have

it(ku,?ﬂk KUTK)(KUD, K+ KURK)  kf o, sk(kUp, g k+ KUZK):
Cancelingterms and multiplying by t we have
kUM, k  kU"k tkf . %k:

Summing both sidesfrom n = 0to n = N and rearrangingcompletesthe proof.

5.2 Error Analysis

We now turn our attention to deweloping an a priori error estimate on the approximate

solution of (20). As donein the previoussection,for the proof of the fully discrete casewe
rst needresults bounding the di erence betweenu, 2 X and its equilibrium projection,
h h

wp 2 X

18



Lemma 5.1 Letu, 2 X. Letw! 2 X" be the equilibrium projection given by (8). Under
the assumptionsof lemma (4.2) there existsa constantC = C( ; min;K;b) (independentof
; ;hand H) suchthat

max ku, whk Cf(l+ YH)+ ¥)h"+ P g max ku,k;
On N 0O n N
and p
lijUps 1 W2+%JJJ Cf(l+ (H)+ )h"+ ~+ h' gkukep:
Pro of: As we have done previously we let u, wh =, h where , = u, I(u,) and
h=wh" I(u,). By the triangle inequality, we have
max ku, W'k maxk ,k+ maxk "k
On N On N 0O n N

and
h

ijUns 1 W'Q+%jjj W e i+ 00 s o0
We will nd boundson ead of the four right hand side norms. Consider

—_ r .
Orr:]aﬁk nk = Orr!]a)él ku, I(u,)k Ch Orr:]a)'sl kunk; : (21)

Before proceeding,we note the following inequalities
1 2
Korikf= S(n+ nn)  Clkak+ K niak®)  Ch (Kunk? + Kunyg k):
Similarly, we have
kr n+%k2 Ch?" Y (ku,k? + Kups1 k?)
G n+%k2 Ch&" D(ku,k? + Kups1 k?):

In addition, we note that

X 1 X
t Kunk? + Kupe k2 2t kupk?  Ckukizgyry:
n=0 n=0
For the nel bound we have by (13)
b( 1
JJJ n+ %JJJZZ t JJJ n+ %JJJ %;;
n=0
% 1h i
=t K nask2+ ke sk2+ kPO 1K
n=0

y( 1
CthZ + ( + )2 9g t  kupk?+ Kupq K2 :

n=0
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Thus, D
jii nesiii?  CER"+ "+ h" ‘gkukizgary: (22)
Or

S P, _

i neddii CfhT+ 5+ h" “gkukiegyny: (23)

Forthe " termswe note that the proof of lemma(4.2) holdsfor discretetimes. For example,
from (12) we can write

n (0}
i 03, Ci i, ¢ AHOKPLH(D K+ KPR (D 1)K

Thus, we have

b( 1
fioneadi®= ot i fLadiE
n=0
X 1 X 1h [
C t i nesiiz, + 2(H)kPLu (b o)k + kPl (b, 1)K
n=0 ’ n=0 ’ :
n 1 (0]
C i netdii?+ ( 2(H)+ Hh* t KunK? + Kunsa k7
n ’ o n=0

C JJJ n+ %JJJ 2+ ( Z(H) + 1)h2r kUk|2(Hr):
And combining this with (22) gives

fi 02 C @+ 2 HRT+(+ )Y kukl;

This implies
i ML C @+ o D TE R Kukege: (24)
Finally, using (14) we have
maxk fk C max jij ", i
0On N On N 2 p (25)

C@l+ *H)+ *™h'+ "+ ht _max Kunk,
n

Combining the bounds (21) with (25) provesthe rst error bound. The secondis obtained
by combining (23) and (24).

20



Theorem 5.2 Thereis a constant C independentof ???7? suchthat

n
max ku(;n t) Uk C 1+ M Hh'+ P 2 max Kunk + KUk 241y +
n n

+ kUh(O) Uok + ( t)5=2kum k|_2(|_2) + p_kP:H r UkLZ(LZ)

and

n
jiuG;n Ut co@+ e 2yp 4 P KuKizgry + Kugkp 2y +

+ kUh(O) Uok + ( t)5=2kum k|_2(|_2) + p_kP:H r UkLZ(LZ)
Pro of: Let w) 2 X" be the equilibrium projection of u,, given by (8). We de ne e,

u, Ut= .  NMwhere ,=u, wland "= U" w}. Foreah time step,n, andto
eat norm we apply the Caucy-Scwartz inequality sud that

maxku(;n t) U'k maxk ,k+ maxk Nk:
0On N 0On N 0On N
And similarly,
fuCn O UM i i+ i o
We have boundson the normsfrom lemma(5.1). Thus, we needonly nd boundson the
h terms. By de nition of ", we haveforall "2 X"

h h h h h h h h
n+1 n. h + A n+1+ n. h — Un+1 Un. h + A Un+1+Un. h
t 1 2 1 t 1 2 ) (26)
Wh Wh Wh + Wh
n+1 n. h A n+1 n. h .
t ’ 2 ’

By the choice of w" we have

h h
Whet T Wh o oy A Up+1 + Un, |

2 ’ 2 ’
Thus, equation (26) becomes
b Bw A hat o U UR, U U
t 2 ’ t ' 2 ’ @27)
Wha  WhL o, A Upsr + Un
t 2 '
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In addition, we note that

h h h h
- | n Ui s A 7U”+12+ U2 (Fres ")
— fn+1 + fn, h
2 )
(Un+r + (Un . +a Un+r + Un .
2 ’ 2 '
Applying this to (27) we have
P P P S
t ’ 2 '
(ut)n+1 + (ut)n h WE+1 + WH h Un+1 T+ Up h
= ; S — +(@a A ———;
2 2 ( ) 2

Adding and subtracting U“it“” h to the right hand side, the rst two terms can be

rewritten
" # " #
un+l un h Wr|’1]+1 qu h + (Ut)n+l+(ut)n, h Un+1 Un_ h
t ' t ' 2 ’ t '
Thuswe have forall "2 Xh
H+1 H h + A H+1+ H h -
t ’ 2 '
+
= M 0oh oy (@ A) ST Unon
t 2
where 1 @ @
u u
Mn 5 ZUn+1 ¥ = Uy M
2 @ @ t

is the error in the appraximation of (ut)n,,%. Choosing " = ne1
2

1
h h. h h .
2t "1 ot o A n+ir n+l T
_  n+l n. h . h Up+r + Un .
= T el + Ip; n 1 +(a A) 5 el

Considerthe terms on the left hand side. We expandand simplify the rst giving

1 h h.h+h:ik2+lk2 kEkZ:

ﬁ n+1 n' n+l n 2 t



As noted in the proof of lemma(2.3)

h . h h 2 h 2 ? h 2.
L Y LU GRS

With thesetwo facts we have

1 h 2 hy,2 h 2 h 2 ? h 2
51 K ni ke k ko + kK n+%k + kr n+%k + kP ur n+%k
nt1  n . h Uper + Un
7‘:4— I, n+% +(a A) T’ n+% .
Considerthe right hand side of this inequality. For the rst term we have
n+l "t 2+% Ltn+rn k2+%k
1 n+l n 2 h 2.
R SR LI L
For the secondterm,
Up+r + Un _ 2 Unsr tUn p
(a A) T, I’l+% - PLHr T,PLH I’l+%
Un+1 + U
Pour 7””2 T KPS 2+%k
5  Uns1 + Up 2 2 h o 2.
E PLHF T + EkPLHr ﬂ+%k .

Applying these,rearrangingand multiplying both sidesof the inequality by 2 t we have

Kok kR + ko2 tke Dkt kPR DK

n

t 2 u + U, 2
b n+lt n+rn + tPEHr n+12 n .

With the assumption = O(1) this can be rewritten

n 2
R O L Y e S LI R AL

Up+1 + Up 20.

2
Summing both sidesof the equationfromn=0ton= N 1 gives

K ki D i

n X 1 2 X 1 20

2 n+1 n ? Un+1 + Un

C k oko+ t —_ 7, + t Piur
n=0 n=0
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Consider

X 1 2 X 1 2
t . ngy M t L L kro,k
n=0 t n=0 t
1 2
t o n + krnkz
n=0 t
1 1 1
= _t k n+1l nk2 + t krnkz.
n=0 n=0
Thus,
n 1 X1
k nKEH DL ajii? C k ok + — ks oK+
2 t n=0
X 1 X 1 Ut + U 29
+ t krok®+ ot P2r 7””2 noo
n=0 n=0
As done in the previous section we note that given O n N sud that k " k =

maxX, » nK nk, we canin (28) sumfromn = 0to n = n and the bound still holds.
Consequetly, we can write

n 1 X 1
max Kk nk2+ JJJ 2+ 1”12 C k 0k2+ I k n+l nk2+
0n N 2 t =0
X 1 X 1 + 20
+ ot krok¥+  t X0 L”Z tn (29)
n=0 n=0

We consideread term on the right hand side. k ok was bounded previously by (19). To
determinea bound on the secondterm rst consider

th+1
n+1 n = ¢ dt:
th
This implies
th+1
K n+1 nk k (kdt:
th
Thus,
Z th+1 2 Z th+1 dt 2
Ko ok k kdt = ( 1)? k tk—
tnh th
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We apply Jensen'sinequality (Rudin, 1966)to the right hand sideto obtain

th+1 dt VA th+1
K ne1 k2 (O 1)? k tkz—t =t k k2dt:
th th
Thus,
X 1 X 1Z tn+1 Z
K ner = nk? t k kK2dt= t kK%t
n=0 n=0 tn 0
So, for the secondterm of (29) we have
1 b( ' 2 2 .
_t K n+l nk K tk|_2(|_2)y (30)
n=0

which has beenbounded by corollary (4.2). For the third term of (29), the Peanokernel
theoremimplies

tn+1
krok?  C( t)* Kug k2dt:
tn
It follows that
X 1 Zr
t krak® C( 1)°  kugk®= C( t)°kug kl2(2): (31)
n=0 0

For the nal term of (29) we note that

X 1 2 X 1
Uy + Up+1
Pr ”72“ C  KPZur uUp+ P21 Upeg K2
n=0 n=0
1

=0

>

C  kP2ur u,k*:
n=0
Thus we have

1
tb( P? r Un + Un+1 2
" =
L 2

n=0

To the inequality (29) we apply the boundsgiven by (30), (31) and (32) giving

C kPt Unkp 2 (32)

2 e h ...2
Jmax K nk”+ i o, 4l

C Kk PK2+ K (k2o o)+ ( 1)°kug kB2 o)+ KPZuT Unkd 2y
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As ead of the left hand side norms are independerily boundedby the right hand side, the
above can be rewritten

“es h e
Jmax K nk+jij i
n B p_ . 0]
C k Bk+ k tk|_2(|_2) + ( t)S_ZkUttt k|_2(|_2) + kPLH r Unk|2(|_2) :

To the rst two terms on the right hand side we usethe bounds of (19) and corollary
(4.2) giving

“es h e
Jmax ko nk+jij . i
C kUMO0) ugk+ h'kugk, + f(1+ YH)+ ¥)h"+ P— h ™ tgkuik 2+

0]
+ (1)°Pkug k22 + p_kPL?H I Unkizzy :

Combining this boundswith the boundsof lemma (5.1) completesthe proof.
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